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The defecton statistics in quantum crystals is treated, and a new method for determining commu- 
tation relations is proposed. Defectons related to  defects of a different kind (vacancies, impurities, 
interstitials) are considered in crystals both of the Bose-type (4He) and Fermi-type (3He). The 
kinematic interaction is discussed. 

Es wird die Statistik von Defektonen in Quantenkristallen behandelt und eine neue Methode zur 
Bestimmung der Vertauschungsrelationen vorgeschlagen. Defektonen, hervorgerufen durch ver- 
schiedenartige Defekte (Leerstellen, Verunreinigungen, Zwischengitteratome), werden sowohl fur 
Kristalle vom Bose-Typ (4He) als auch fur Kristalle vom Fermi-Typ ($He) betrachtet. Die kine- 
matische Wechselwirkung wird diskutiert. 

1. Introduction 

The degeneracy temperature To of the defecton gas in quantum crystals is very small 
due to  the small value of the defecton energy band width A ,  

To - dx2I3 , 
where x is the fractional concentration of defects. In  the case of vacancions A is about 
several K, and in the case of impuritons created by 3He impurities in solid *He is 
found to  be of the order of lo-* K [l to  31. Consequently, for a vacancy concentration 
x, = K. Since the melting tem- 
perature of solid helium is T, = 1.4 K, there is a quite large region of high temperatures 
To < T < T, in which defectons may be considered as a Boltzmann gas. At lower tem- 
peratures, however, the defecton statistics should be important and is expected to  lead 
to some new macroscopic quantum effects (e.g. superfluidity of quantum crystals). 
On the other hand, the small defecton energy bandwidth A leads to  anomalously large 
cross sections, of defecton-defecton scattering G NN 102a2, a being the interatomic dis- 
tance [ l ,  41. As a result, a self-localization of defectons occurs even a t  relatively small 
concentrations [5]. Defectons may be considered as good quasiparticles with a well- 
defined quasiwave vector and dispersion law only if their concentration is smaller than 
xo = a2/o [l, 4, 51. However, the role of statistics increases with decreasing concentra- 
tion, as it can be seen from the following. The interaction between point defects in 
solids is inversely proportional to  the third power of the spacing. Hence, the defecton- 
defecton interaction energy per particle is proportional t o  the concentration 

the degeneracy temperature To = 10-1 to  
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On the other hand, the energy related to  the excitation statistics (e.g. the Fermi 
energy, is proportional t o  

cF - To - 4x2/3 . 
Consequently, a t  low enough concentrations (x < (A/v , , )~)  the interaction energy 
IC < F ~ .  The critical concentration for a gas of vacancions is 2, - 10-l. For the 3He 
impurities in 4He q, - K, and x, < lo-’. 

2. Defecton Statistics in 3d Crystals 

First of all note that the statistics of defecton excitations may not coincide, in general, 
with the Fernii-Dirac or Bose-Einstein statistics. Defectons are created not in vacuum, 
and the behaviour of their wave function with defecton permutations depends not only 
on the defect atom characteristics (e.g. spin), but also on the crystal matrix, and on the 
defect positions in the lattice. Kevertheless, there are some cases when the defecton 
statistics is well defined. 

Consider a simplified model of a crystal, in which the host atoms and defects differ 
only in spin. In  such a manner the interatomic interaction is supposed to  be indepen- 
dent of the kind of atoms. Hence,we may formally assume that each lattice site 12 can be 
formed in one of two possible states indicated by the subscript s. The values s = 0, 
s = 1 correspond to  a lattice site occupied by a Bose or Fermi particle, respectively. 

The state s = 1 in a Bose crystal can be treated as an excited state, whereas s = 0 
has to be accepted as  a normal one. The presence of a Bose impurity (e.g. vacancy) in 
a Bose crystal is described by s = 2. In  the same manner Bose and Fermi defects in 
a Fernii crystal are desciibed by the values s = 0 and s = 3, respectively. 

Since the number of particles in each state is equal to  0 or 1, the eigenvalues of the 
particle number operators N,, are N,, = 0, 1. Obviously, 

A 

c N,,  = 1 . 
s 

Further, introduce creation and annihilation operators, ais, ans of particles in the 
state s in the site n. Then 

= a;.,a,, . ( 2 )  
The wave function in the second quantization representation will be denoted by 

I . . .  N,, ...) . 

The operators a+, a can be constructed in two steps. First, we introduce new crea- 
tion and annihilation operators hi# ,  b,, with the following properties : 

A 

b%, = N+ts , 
bi, I ... Nn,  ...) = (1 - NnS) I ... N,, + 1 ...) , (3) 
b,, j ... N,,  ...) = N ,  I ... N,, - 1 ...) . 

Consequently, b:,, b,, satisfy the commutation relations typical of Pauli operators, 
A 

bnsbk - b A A s  = ~ n w d s o ( 1  - 23,s) , 
b n d m  - b d m o  = 0 9 

- b,fsb,f,o 0 . 
(4) 
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The commutation relations (4) take into account only the fact that every lattice sit: 
cannot be occupied by more than one particle. Operators b+, b do not take account ot’ 
the correct wave function symmetry. So, relations (4) for two different lattice sites 
coincide always with those for Bose operators, whereas these sites can be occupied by 
Fermi atoms. To construct the correct operators a;,$, ans, we renumber all lattices sites 
attaching to every of them a scalar number n. The numeration manner may be arbi- 
trary but must he fixed. Then a+ and a can be written in the form 

n 
---izs c -TiI 

ans = e l ~ r l  b,,, . 
Obviousl-~-, 

A 

a h , ,  = bLb,,, = N,,  . 
The coniniutation relations of a,,Lo can be found in the following way : 

In  the same manner one obtains 

[amo, ans]+ = (einsa 1) a,,sanLo; m + n , 
ansun, = 0 

[a&,,aT].- - (einso 7 1) a+a+ . 

a:Z,a;, = 0 .  

and, consequently 

ns + - n.s m a  m i 72 , 

( 7 )  

Then the Haniiltonian of the system in two-body interaction approximation has the 
form 

where A,, is the matrix element of the interaction operator. 
Operators a+, a do not obey any definite statistics, due to the random defect distri- 

bution. They can be used, however, to  construct the creation and annihilation opera- 
tors of the “excitations” in the coordinate representation, 

a d s ,  a) = aLu~72.s , 
4 8 ,  a) = &%a = Ixn(c., s )  , 

where s and a indicate an excited and normal state, respectively. 
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A 

It is easy to  see that the operatora,+(s, a) an(s, a) = a&u,, = N,,, coincides with the 
defect number N,,. I n  spite of the complicated form of expressions (6) to  (8), the com- 
mutation relations of operators a+, a are simple in form in the cases on interest. SO, 
taking into account that  oln(s, a) a;(s, a) = is,,, and the normalization condition (1)) 
one obtains 

an(s,o) a,+(s, a) + ai(s, 0)  a n ( S ,  0)  = 1 * 

[a,(s, o) ,  a i ( s ,  a)li = (e~~(~s-o)  T 1) &(s, o) OI,(S, o)  . 

(11)  

If m + n, the direct commutation, using (6) to  (8), yields 

(12) 

For definiteness consider a Bose crystal (e.g. *He) with Fermi-type impurities (3He). 
Then s = 1, o = 0, and operators& = ailano, LX, = U ~ ~ U , ~  obey the exact Fermi com- 
mutation relations 

As  the matrix elements A,, depend on the difference R,  - R, only, the Hamiltonian 
(14) can be easily diagonalized by means of the Fourier transformation, 

where N is the number of lattice sites. Then 

H = C &(k) LYLak . 
k 

Operators a;, &k are creation and annihilation operators of defectons with the quasi- 
wave vector k and dispersion law 

~ ( k )  = C A,- ,  eik(Rm-Rn). 
n 

Since the Fourier transformation does not change the wave function symmetry, 
operators oc:, ak are also of the Fermi type. 

In the case of vacancies or Bose-type impurities in Permi crystals& = a;1ano plays 
the role of an annihilation operator restoring the “host” - an atom in the lattice site n. 
Hence, such defectons are also Fermi quasiparticles. 

If defects obey the same statistics as the crystal atoms (e.g. vacancies in 4He), 
then s - o = 2 and ( l l ) ,  (12) give 

a m m i  - a&, = (1 - 2$,) d,, , (16) 
A 

where N ,  = a&xn. 
Since the defect concentration is always small, relations (16) may be replaced by 

those of Bose operators. 
The results obtained in this section are-presented in Table 1 where F and B denote 

Fermi- or Bose-type excitations, respectively. 
The statistics of defectons in complex lattices as well as the vacancion statistics in 

solid solutions consisting of Bose and Fermi atoms may be considered in the same way. 
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T a b l e  1 

defect in Fermi crystals in Bose crystals 
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vacancy F B 

BtYPe F B 
FtYPe B F 

impurity of' 

interstitials obey 
their own statistics 

- - ~ 

Kinematic Interaction 

In spite of the fact that Pauli statistics a t  small concentration is very close to  the Bose- 
Einstein one, the difference between these two statistics may be of interest, mainly, 
due t.0 the problem of Bose-Einstein condensation. The problem is whether the macro- 
scopic number of defectons can be found in a quantum state. 

The commutation relations in k-space can be obtained from (15), (16), 

where 
A 

N p - k  = C &:an ei(P-kk)R* 
n 

and ,. 
N ,  = c a;aoc, = Gns. 

n 

A second commutation yields 

It is seen that  the state vector in the right-hand side is determined by the quasi- 
momentum conservation law. Statistics with such commutation relations has been 
considered by Kaplan [6]. It has been shown that no more than N quasiparticles can 
be found in a k-state. 

A state with nk quasiparticles in a k-state has the form 

Ink> Cnk(a:)nk 10) > 

where 
N%(N - n) ! 

c2 - 
N !  

Naturally, CN+l = 0. 

in a quantum state k coincides with the Gentile function [7] 

n -  

The distribution function of an ideal gas with a maximum occupation number N 

34 physica (11) 133/2 
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However, for nk > 1 defectons cannot be considered as noninteracting quasiparticles, 
as seen from the following. The action of the operators ai and on the state Ink) 
can be written in the form 

B'k Ink) = I/(nk $- 1) (1.- n k / N )  Ink + 1) - 
Hence, 

(nkl [ a k ,  a$]- Ink> = 1 - 2nk/N , 
+N(1 - [akpai]-) Ink) nk Ink> * 

Using (17) and (18) yields then for the particle number operator 

, N  A nk = - (1 - [ak, a t ] )  = No a 

2 

In such a manner nk does not depend on k. 
The Hamiltonian of an ideal defecton gas has to  be of the form 

where 

and the energy in the state Ink) is 

(nkl Hid Ink) Nznk * 

However, the real defecton Hamiltonian is 

H = c E k a h k  = c &k(l ~ [ a k ,  ail) + c ( a h k  - 1) &k 
k k k 

and the energy of nk = n quasiparticles in the k-state can be written in the following 
way [ 6 ] :  

The second term is due to  the kinematic interaction. So, thedefecton gas getsmore ideal 
when &k comes nearer to  2 (not when k = 0, as usually assumed). 

As the number of defectons is always much smaller than the lattice site number N ,  
all of them can be found in a state with given k. Therefore, the kinematic interaction 
does not prevent the Bose-Einstein condensation. 

4. One-Dimensional Lattice 

Another situation takes place in the Id case. A s  is shown by Chesnut and Suna [ 8 ] ,  
the Hamiltonian of a gas of paulions with nearest-neighbour interaction in the Id 
lattice can be written in the form of an ideal Fermi gas. Actually, the Hamiltonian 

H = A c (b3,+1 + b,++1bn) 
n 
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can be rewritten by means of new Fermi operators, 

in the form 

H = A C (F$Fn+I + FL+IFn) * 
n 

The Fourier transformation then yields 
H = C ~ ( k )  F i F k ,  

k 

where ~ ( k )  = 2A cos ( k )  is the defecton dispersion law in a Id  lattice. Note that this 
result is due to  restricting to  nearest-neighbour interaction not supposed in the 3d 
case consideration. 
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