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Abstract: Basic ideas and results which characterize quantum diffusion of defects in
quantum crystals like solid helium as a new phenomenon are presented. Quantum effects
in such media lead to a delocalization of point defects (vacancies, impurities etc.) and they
turn into quasiparticles of a new type – defectons, which are characterized not by their
position in the crystal lattice but by their quasimomentum and dispersion law. Defecton-
defecton and defecton-phonon scattering are considered and an interpolation formula for
the diffusion coefficient valid in all interesting temperature and concentration regions is
presented. A comparison with the experimental data is made. Some alternative points
of view are discussed in detail and the inconsistency of the Kisvarsanyi-Sullivan theory is
shown.
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1 Introduction

The basic characteristic of a quantum crystal is the presence of a large amplitude of

atomic zero-point vibrations. This means that the overlap of the wave functions of the

nearest neighbors is not negligible and leads to considerable tunnelling transitions to the

nearest lattice sites. If a point defect (vacancy, impurity, interstitial) appears in such

a system, the crystal state becomes degenerate with respect to the defect position due

to the identity of lattice sites and the defect delocalizes and turns into a quasiparticle -

defecton. If the wave function of the crystal with a localized defect in the lattice site r is
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ψr(x), then the correct wave function of the crystal, according to the Bloch theorem, is [1]

Ψk =
1√
N

∑
r

ψr(x) exp{i(kr− ε(k)t/�)} (1)

where x is a 3N component vector which consists of all atomic coordinates, and k is the

defecton quasi-wave vector. The spectrum is given by the defecton dispersion law ε(k).

In a tight binding approximation it has the form

ε(k) = Φ + Aω(k) (2)

where Φ is the activation energy of a localized defect, A is the tunnelling probability

amplitude (exchange integral), and ω(k) is a dimensionless function which depends on

the symmetry of the crystal lattice. For a simple cubic lattice the dispersion law is of the

form

ε(k) = Φ + A(cos kxa+ cos kya+ cos kza) (3)

and for body-centered cubic lattice (b.c.c.)

ε(k) = Φ + 4A cos
kxa

2
cos

kya

2
cos

kza

2
(4)

where a is the lattice constant. For defects in solid helium, the quantity Φ is of the

order of several degrees. In case of h.c.p. lattice, there are two atoms per unit cell

and the dispersion law consists of two branches called conditionally acoustic and optical

respectively [4, 2, 3, 5]:

ε(k) ac
opt

= ε0 + A

{
7 − 4 cos

k1.a1

2
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k2.a2

2
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k3.a3

2

∓ cos
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[
1 + 8 cos

k1.a1

2
cos

k2.a2

2
cos

k3.a3

2

]1/2
}

(5)

where

a1 = a [1, 0, 0] , a2,3 = a

[
−1

2
,±

√
3

2
, 0

]
,

c = a

[
0, 0,

√
8

3

]
. (6)

An important characteristic of a defecton is its energy band width ∆. For simple

lattices ∆ = zA, where z is the number of nearest neighbours in the lattice. For the

h.c.p. lattice, the dispersion law (5) is written in a form which fixes the bottom of the

acoustic band at k = 0, so that ε(0) = ε0 is the lowest band level. The band width of the

acoustic branch is ∆ac = 7A while that of the optical one it is ∆opt = 5A. The bottom

of the optical branch lies higher by 3A. A typical value of ∆ for 3He impurities in 4He

is ∆ ∼ 10−4K, while for vacancions ∆ is of the order of several degrees. The defecton
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velocity is v =
1

�

∂ε

∂k
and may be estimated by the relation v ∼ a∆/�. The effective

mass for simple lattices is m∗ = �
2/Aa2 while for the h.c.p. dispersion law (5) one has

m∗
hcp = �

2/2Aa2. Another important quantity is the delocalization time τ0 which may be

estimated by the relation [2, 6]

τ0 ∼ �/A. (7)

Note, that in this relation the characteristic energy is the exchange integral A, not the

band width ∆.

Before proceeding with defecton diffusion let us note that there are crystals in which

zero-point vibrations are large only for certain degrees of freedom and hence the quantum

properties manifest themselves with respect to them. The class of quantum crystals

includes therefore heavy metals (palladium, niobium etc.) in which the behaviour of light

hydrogen impurities (protons) is quantum, solid hydrogen with impurities of hydrogen

atoms, metallic hydrogen, etc.

From a historical point of view, however, physics of quantum crystals is above all

linked with solid helium. Helium has been chosen for a basic system when examining

the ideas and results of the theory owing to a number of circumstances. Solid helium is

the best investigated quantum crystal. Helium crystals are extremely pure – all other

elements solidify at higher temperatures, so the only impurities are isotopes and can be

well controlled in wide concentration ranges. The two helium isotopes obey two quantum

statistics – Bose-Einstein and Fermi-Dirac. In addition, each isotope crystallizes in three

different modifications. In this manner, solid helium offers six quantum crystals, composed

of two isotopes only. Phase diagrams for helium isotopes and solid hydrogens can be

found, e.g. in [7, 8, 9].

Any correct theoretical model has to include not only a description of the structure

and the fundamental particles, but also the typical kinds of motion in it, in other words,

the elementary excitations as elementary carriers of the motions. In this sense crystals

of solid 4He with small concentrations of isotopic impurities and vacancies may serve as

examples of really existing model systems, in which the only elementary excitations are

phonons and defectons. In addition, the low value of the melting temperature compared

to the Debye temperature leads to a simple linear dispersion law for phonons in the whole

range of existence of the solid phase. It is worth noting that the new (tunnel) kind of

motion presented by the defecton quasiparticles is the reason to call the state of quantum

crystals a new state of matter.

For 3He atoms which have spin 1/2 and a relatively large magnetic moment an ex-

change of atoms is equivalent to a spin exchange (the interatomic potential practically

does not depend on spin) and therefore may be observed experimentally, e.g. by means

of nuclear magnetic resonance (NMR) [10].

The presence of two types of crystals composed of Fermi and Bose atoms brings up

the problem of defecton statistics. It can be shown that in pure crystals with small defect

concentration, vacancions obey the statistics of host atoms. Impurities of 3He in crystals

of 4He as well as impurities of 4He in crystals of 3He turn into Fermi-quasiparticles. In case
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of mixed crystals a vacancy has to exchange places with different atoms (3He or 4He) that

obey different statistics, therefore, the statistics of vacancion can differ from the known

statistics of Bose-Einstein or Fermi-Dirac. More information on defecton statistics can

be found elsewhere [2, 11]. The degeneracy temperature T0 is extremely small:

T0 ∼ ∆x2/3 (8)

where x is the fractional concentration of defects. For vacancions with a typical concen-

tration x ∼ 10−3, the degeneracy temperature is T0 ∼ 10−2 − 10−3K. That is why in

many cases defectons may be considered as a Boltzmann gas. It is important to note,

however, that the role of statistics increases with decreasing concentration. Indeed, the

interaction energy Eint between point defects in solids is inversely proportional to the

third power of the spacing r and hence is proportional to the concentration x:

Eint =
V0a

3

r3
= V0x (9)

where V0 is the elastic interaction constant whose typical value is of the order of 10−2K.

Taking into account (8), one obtains

T0

Eint

∼ ∆

V0

x−1/3. (10)

Therefore, at low enough concentrations the interaction energy E turns out to be negligi-

ble compared to the ”quantum statistics energy“ T0. The critical concentration for a gas

of impuritons is ∼ 10−5 while it is of the order of 10−1 for vacancies, much greater than

the usual vacancy concentration in experiments.

2 Historical review

A phenomenological theory of defects in quantum crystals was proposed first by A.F. An-

dreev and I.M. Lifshitz [12] in 1969. The qualitative estimations concerning diffusion in

that work differ from the quantitative ones by more than 7 orders of magnitude even if it

gives the right temperature dependence. Simultaneously, the author of this work reported

at the Second Soviet Conference on Theory of Solid State in Moscow his microscopic the-

ory of vacancions and impuritons (published as a paper [1] in 1970) where the defecton

parameters were estimated and the temperature dependence of the defecton mean free

path was obtained.

At the same time Guyer and Zane [13] published their perturbation theory of the

spectrum of impuritons (called mass-fluctuation waves) and discussed the possibility of

experimental observation by the method of nuclear magnetic resonance.

It is worth noting that there was a significant interest in quantum crystals in those

years but there was no experimental evidence of quantum diffusion. Moreover, some

results on the diffusion of point defects [14, 15] were considered as arguments in favor

of the classical activation mechanism. There was no clear conception of the correlation
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between the quantum and classical weights in the phenomena considered. This often

prevented even the correct formulation of the problems. Instructive in this aspect is the

work of C.P.Flynn and A.M.Stoneham [16] on the diffusion of light interstitials. These

authors have practically neglected the coherent quantum diffusion, stressing the role of

phonons and deformation around the defect. This was a result of their conception that

the incoherent (by means of phonons) transition corresponded to a macroscopic number of

channels, while the coherent tunnelling corresponded to one. In this way, an implausible

estimation was made for the temperature region in which coherent diffusion could be

observed, given by the inequality T ≤ 10−17K.

The assumption that defects turn into quasiparticles implies that (under some con-

ditions considered later on) the gas kinetic model is applicable and hence the diffusion

coefficient has to be inversely proportional to the concentration, i.e.

D ∼ Aa2/�xσ (11)

where σ is the defecton-defecton cross-section (in units a2). The temperature dependence

predicted [17, 18] was of the form

DT ∼ as
(

∆

θp

)2(
θp
T

)9

, θp =
�s

2a
. (12)

where s is the sound velocity. The ninth power of temperature is easy to understand (for

details see Refs. [1], [19]). The motion of a defect is determined by the number of phonons

(Nph ∼ T 3 at low temperatures) and, by the scattering of long wave phonons on defects

(Rayleigh scattering) with a cross-section σ ∼ k4 ∼ T 4; finally, the motion of a ”heavy

and slow“ defecton in a gas of ”light“ phonons depends on the second power of the phonon

wave vector (∼ k2 ∼ T 2). Hence, D ∼ 1/(NphσT
2) ∼ T−9. It is worth noting that the

role of the characteristic temperature in the kinetic phenomena is played by θp, not by

the Debye temperature θD. These two temperatures differ significantly: θp =
�s

2a
≈ θD

8
and lead to a numerical difference of the order of 87 ∼ 106 times.

It could be expected that such a rapid increase of the diffusion with decreasing temper-

ature can easily be observed experimentally. However, the experiments on both vacancy

[14] and impurity [20] diffusion carried out in 4He with 0.75÷ 2% impurity concentration

indicated typical classical exponential decreasing down to the phase separation tempera-

ture.

The first evidence of a quasiparticle behaviour was reported by R.G.Richards, J.Pope

and A.Widom [21]. They confirmed the concentration dependence ∼ 1/x. However for

the tunnelling frequency A they obtained the value A ∼ 10−7K, which is three orders

of magnitude smaller than the exchange integral J33 in pure 3He. The interpretation of

such a value ran into difficulties because there were no physical reasons for such dramatic

difference in the exchange integrals. It became clear that additional information is neces-

sary and that it could be obtained from the temperature dependence (12). An increasing

diffusion with decreasing temperature was first observed by the Kharkov group [22, 23] in
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1973. Surprisingly, the treatment of the experimental data using the theory of Andreev

and Lifshitz [12] gave for the exchange integral A a value of the same order of magnitude

as that obtained in [21].

The plain model of free quasiparticles became questionable and in 1974 Landesman

and Winter [24] and later on Huang et al. [25] proposed an alternative model leading to

another concentration dependence:

D ∼ Ja2

�x4/3
, J =

J ′2

K
(13)

where J ′ is the exchange integral in the pure crystal, and K is a phenomenological pa-

rameter describing the repulsion of two atoms in one lattice site.

The authors argued that this dependence is valid for concentrations x > 10−6, i.e. in

the entire experimentally accessible region. Unfortunately, the experimental precision was

not sufficient to distinguish the small difference between the concentration dependencies

in (11) and (13), especially considering that both A and J were unknown.

In order to solve the paradox, the present author treated the experimental data of

the Kharkov group using his theory [18]. As a result, the exchange integral A was found

to be only slightly smaller than J33, the band width was estimated to be ∆ ∼ 10−4K

and the prediction of the giant defecton-defecton cross-sections in [1] was confirmed.

The existence of the new quasiparticles (defectons) became an immutable fact and the

discovery of a new phenomenon called quantum diffusion was acknowledged.

3 Defecton-defecton scattering

The only scattering processes which determine the defecton diffusion are collisions with

defectons and phonons. If the temperature is small enough (the exact conditions will

be derived below) the number of phonons is negligible, and the defecton free path is

controlled by defecton-defecton interaction.

Defecton-defecton scattering possesses a series of peculiarities relevant to the energy

band width [1, 18, 19, 2]. First of all, the quasiparticle energy cannot vary during the

motion more than the energy band width ∆. This means that the quasiparticle is not

able to overcome barriers higher than ∆. In case of impuritons in helium, a typical value

of the deformation energy caused by a vacancy or impurity is of the order of 10−2 K

and is much larger than ∆imp ∼ 10−4 K. As a result, the quasiparticle cannot reach the

core of the vacancy (or interstitial) and exchange place with it (the later case of vacancy-

stimulated diffusion is discussed in Sec. 7). This is important because the exact form of

the deformation in the core is complicated and not known, while the behaviour of the

deformation field at large distances is common for wide classes of solid media. The later

enables the study of the defecton scattering in a quite general form.

Point defects in crystals interact by the law

ϕ(r) = V0Γ(n)
(a
r

)3

, (14)
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where Γ(n) is a function of the direction n, which vanishes after angle averaging and is

of the order of unity. In isotropic media,

ϕ(r) = V0

(a
r

)6

. (15)

Let us first consider the features of the defecton scattering in a potential of a more general

form:

ϕ(r) = V0

(a
r

)n
. (16)

The small value of the impuriton energy band width leads to a peculiar confinement

in areas with strong field gradients. This effect takes place both in attractive and in

repulsive potentials. Its physical reason is that the transition of the quasiparticle into a

neighbouring lattice site cannot take more energy than the band width. Therefore, the

condition for such a confinement may be written in the form

| ∇ϕ | a > ∆. (17)

Substituting here ϕ from (16) and replacing the mean distance r between defects by their

concentration x ≈ (a/r)3 one obtains the result that all defects have to be localized [12]

at concentrations x > xc, where

xc =

(
∆

nV0

) 3
1+n

. (18)

In the case of isotopic impurities in helium (n = 3) the quantity xc is

xc =

(
∆

3V0

) 3
4

≈ 1 ÷ 2%. (19)

Due to the small value of the defecton band width large regions around the impurities

are unscalable for quasiparticles [1, 19]. Their linear size R0 may be estimated from the

equation

ϕ(R0) = ∆, R0 = a

(
V0

∆

)1/n

. (20)

Hence, the effective cross-section σ for impuritons in the potential (16) is

σ ≈ πa2

(
V0

∆

)2/n

. (21)

These estimations may be improved taking into account, that the experiments are per-

formed at temperature T � ∆ and, therefore, the conditions for the quasi-classical

approximation are satisfied:

(ka)n−2 � A

V0

≈ ∆

zV0

. (22)

In this case the cross-section is given by the expression [1]:

σ ≈ 2πa2

(
V0

Aka

) 2
n−1

∼ πa2

(
V0

∆

) 2
n−1

. (23)
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(States with ka � 1 are activated due to the high temperature).

In the most interesting case, when n = 3, the cross-section

σ ∼ πa2V0

∆
(24)

can reach giant values σ ∼ 102a2. Eq. (23) shows that the effective cross-section in the gas

approximation (noninteracting quasiparticles) considered is inversely proportional to the

band width ∆. The same dependence on ∆ follows also from the theories of Landesman

[26] and Yamashita [27] for interacting quasiparticles. This coincidence is evidently the

explanation of the fact that the dependence of the diffusion coefficient on the molar

volume (“the Grüneisen parameter”) does not vary with decreasing concentration [28]

(see below).

The condition (22) can be satisfied at lower temperatures as well if the following

inequalities are valid:

A(A/V0)
2

n−2 � T � ∆ (25)

Then the quasipartitle thermal energy may be evaluated from the relation �
2k2/2m∗ ≈

3T/2. With m∗ ≈ �
2/Aa2 this yields ka ∼ (T/A)1/2, and the cross-section (23) can be

written in the form

σ ≈ πa2

(
V 2

0

TA

) 1
n−1

−−−→
n=3

πa2 V0√
TA

. (26)

It increases with decreasing temperature up to the value

σmax ≈ πa2(V0/A)
2

n−2 −−−→
n=3

πa2(V0/A)2. (27)

The left-hand side of (25) in case of impuritons is extremely small, so the expression (26)

holds up to the degeneracy temperature.

The opposite situation which corresponds to the scattering of a slow particle by a

rapidly decreasing potential barrier (n = 6) can take place for vacancions at T � ∆. Then

the cross-section does not depend on velocity, and hence, is independent of temperature:

σ ≈ 3.65πa2

(
V0

2A

) 1
2

. (28)

This expression agrees well with Eq. (27) at n = 6. If vacancion-vacancion scattering is

under consideration, then V0 ∼ ms2, A = 1K, and hence, σ = 50a2.

In the consideration above we did not take into account the role of the anisotropy given

by the factor Γ(n) in the potential (14). It is obvious that such a sign-variable function

with zero averaged value can only reduce the cross-section. According to Slusarev et al.

[29] the anisotropy reduces the total cross-section by a factor 0, 105 (cubic lattices), and

0, 208 (h.c.p. crystals). The reduction for the transport cross-section is about 4-5 times

larger. However, the exchange integral A as well as the defecton band width ∆ evaluated

in the same work turned out to be an order of magnitude smaller compared to the results

adopted now.
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Situations where ∆ � V0 are realized in vacancion scattering by isotopic impurities.

In such cases Born approximation may be used and the problem can be fully solved in

an analytical form with an account of the exact form of the function Γ(n) [17, 19]. It can

be shown that the scattering amplitude F (n) has the same angular dependence as the

interaction potential: F (n) = λΓ(n). For a simple cubic lattice λ = (2a/15)(V0/A), and

therefore,

dσ =
4

225
a2(V0/A)2Γ2(n)dΩ, (29)

where Γ(n) =
∑

i n
4
i − 3/5.

One has to keep in mind, however, that the interaction potential has the form (14) only

at large distances and the effect of the scattering by the core for wide-band vacancions

needs special consideration.

Consider briefly the role of the defecton statistics. If defectons obey Fermi-Dirac

statistics, then their quasimomenta have to be near the value of the Fermi-quasimomentum

both before and after collision. As far as the cross-section is proportional to the number

of final states, it is proportional to temperature T . Therefore,

σF = σ′T/εF . (30)

The quantity σ′ for the potential (16) with n = 3 in quasiclassical approximation is of

the form [30, 2]

σ′ = 2π2 V0a

�vF
(31)

where vF is the Fermi-velocity. Therefore, the cross-section depends not only on the ratio

V0/A, but also on the concentration:

σF ∼ T V0

A2x
, T < Ax2/3. (32)

The condition for the applicability of the expressions (31) and (32) follows from (22)

where one must take into account, that kFa ∼ x1/3 :

x > (A/V0)
3. (33)

It is worth noting also that the ratio V0/A is strongly dependent on pressure, and increases

rapidly with decreasing molar volume.

4 Low temperature diffusion

Let us now turn to the diffusion. From the gas kinetics theory it follows that the diffusion

coefficient is given by

D =
1

3
lv. (34)

where the mean free path is

l = a/
√

2xσ (35)
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This approximation is valid if the mean distance between quasiparticles, x−1/3, is much

larger than the ”radius” of the cross-section R0 ∼
√
σ, i.e. if x−1/3 � √

σ or (what is the

same):

x� 1/σ3/2. (36)

The quasiparticle mean velocity v depends, in general, on the temperature. If T � ∆

which is the case realized in experiments on impurity diffusion in helium, then the levels

up to the top of the energy band are populated. Sacco and Widom [31] calculated the

band-averaged value of the velocity squared in a h.c.p. lattice and obtained (expressing

it in our notation)

vSW = (< v2 >)1/2 =
3√
2

a0A

�
=

3

2
√

2
s
A

θp
≈ sA

θp
. (37)

In principle, this value can be used to estimate the order of magnitude of the diffusion

coefficient (34). However, it is well known (see e.g. Ref. [32]) that the correct value

of the velocity is closer to its highest value which can be evaluated from the relation

m∗v2/2 = ∆:

v ≈ s 1√
2z

∆

θp
≈ 2, 45s

A

θp
(z = 12). (38)

The diffusion coefficient is therefore (comp. to (11)):

D0 =
1

6
√
z

as

xσ

∆

θp
≈ 1√

3

as

xσ

A

θp
(z = 12). (39)

Substituting here σ from (24) yields

D0 =
1

6π
√
z

as

x

∆2

V0θp
=

1

3π
√
z

a2

�x

∆2

V0

. (40)

In order for the defectons to be good quasiparticles, their mean free path should be larger

than the lattice constant, i.e. the coherency condition xσ < 1 should be satisfied. This

leads to the following restriction on the defecton concentration:

x < x0 ≡ σ−1. (41)

As shown in the previous section, the cross-sections σ can be extremely large. That is

why the condition (41) is weaker than (36). Hence, the gas-kinetics formula (39) is valid

for concentrations

x < σ−3/2 < σ−1 = x0. (42)

The concentration x0 turns out to be larger than the critical concentration xc (19). This

means that the localization process may be considered in terms of quasiparticles. From

the results obtained, we may distinguish the following concentration regions depending

on the powers of the small parameter ξ = ∆/V0 :

I. x < ξ3/n−1 ≤ 10−3 — gas approximation

II. ξ3/n−1 < x < (ξ/n)3/n+1 ∼ 10−2 — interacting quasiparticles
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III. (ξ/n)3/n+1 < x — localized defectons

(The numerical values are calculated for n = 3)

Let us now consider the diffusion in the second region. In this case the mean free

path l is controlled by the scattering on the defecton band boundaries (Fig. 1.), i.e. by

the condition l | �ϕ |≈ ∆. This implies that the variation of the defecton energy along

a distance l should not exceed the band width ∆. The corresponding diffusion coefficient

in this region is therefore of the form [24, 25, 33]:

D ∼ ∆2

V0x(n+1)/3
(43)

It is worth noting that the cross-sections both in region II, and in region I depend

on ∆. This dependence is important not only for choosing suitable defect concentration

and perfection of the crystal samples. The knowledge of the diffusion coefficient as a

function of ∆ enables us to find the dependence of D on the molar volume Vm. Since this

dependence is strong and different in different concentration regions, one may use it to

detect a change of the scattering mechanism.

At temperatures lower than the degeneracy temperature T0, diffusion depends on

defecton statistics [30]. If the quasiparticles obey Fermi-statistics, then the gas approxi-

mation yields

DF =
1

3
lFvF , where vF = (3π2)1/3Aa

�
x1/3 (44)

and the mean free path is

lF =
a√

2σxeff
.

Since only defectons near the Fermi-surface take part, the “active concentration” is given

by

xeff = x
T

εF

and the effective cross-section is given by Eqs. (30)–(32). As a result, the mean free path

and the diffusion coefficient are multiplied by an additional factor (εF/T )2. This yields

DF =
1

3

avF
xσ0

(εF
T

)2

(45)

Taking into account (31) one may rewrite Eq. (45) in the form

DF =
3π2

16
as

A4

θpV0T 2
x. (46)

Of course, the increase of lF and DF with decreasing temperature is limited by the finite

size of the sample, or by scattering on other crystal defects.

In the case of Bose-defectons the diffusion coefficient may be estimated taking into

account that the “actual” concentration depends only on temperature:

x ≈ 1

6

(
T

A

)3/2
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and hence, the mean free path is

l ≈ 6a√
2σ

(
A

T

)3/2

.

The mean velocity is

v ≈ 1, 75
a

�
(AT )1/2.

The diffusion coefficient is therefore

D ≈ 1, 25
as

σ

A2

θpT
.

If the mean free path turns out to be larger than the sample size L, then

D ∼ La

�
(AT )1/2.

One has to keep in mind, however, that those effects can be violated by a superfluid

current, which can take place even at small chemical potential gradient.

Apparently, the diffusion at T < T0 is not observable in helium due to the rapid

decreasing of vacancion concentration (except of zero-point vacancions, not found yet)

and the phase separation in the case of impuritons. To observe it one may have to look

for another quantum system.

5 Phonon controlled diffusion

At absolute zero temperature a defecton moves through a crystal like a free particle

without dissipation. In view of its low velocity compared with the velocity of sound, the

gas of zero-point phonons has time to adjust itself to the defecton which moves together

with an adiabatically adapted phonon “cloud” that strongly influences only its effective

mass. Note, that null-phonons do not change the periodicity of the lattice.

With rising temperature, scattering of thermal phonons by the defecton sets in. Since

the defecton mass is large and its lifetime is much longer than the relaxation time of the

phonon gas the cross section for scattering by a defecton can be replaced in zeroth ap-

proximation with respect to the small parameter (v/s)2 by the cross section for scattering

by an immobile defect. As it has been shown by I.M. Lifshitz [34] (see also [35, 36]) such

a problem can be solved in an analytical form [1, 2, 3].

The differential cross-section for the scattering of a phonon of the j-th mode with

polarization ν as a result of which a phonon of the i-th mode with a polarization ν ′ is

produced is given by the expression [1]:

dσνν
′

jk,ik′ =

(
V

4πms2i

)2

(qνi )2

×
{∑

µµ′
qµi q

µ′
j

∑
RR′

kRΛµµ′
RR′k

′
iR

′
}2

dΩ′ (47)
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where V is the lattice cell volume, si is the sound velocity of the corresponding phonon

branch, qνj is the polarization vector and dΩ′ = 2π sinαdα, α being the angle between

the directions of the incident and scattered phonons. The matrix Λµν
RR′(r) describes

the change of the elasticity matrix caused by the defect (situated in the lattice site r).

Averaging over the modes and polarizations of the incident phonons and summing over

the modes and polarizations of the scattered ones yield

dσkk′ =

(
V

2π

)2

k4Σnn′dΩ′ (48)

where n = k/k, n′ = k′/k,

Σnn′ =
V

12m2s4

∑
µν

{∑
RR′

nRΛµν
RR′n

′R′
}2

.

Note, that the averaged value of the sound velocity s = (s−4
l +2s−4

⊥ )−1/4 does not coincide

with the Debye velocity, even if does not differ significantly.

Any further application of the formula (48) requires some model assumptions regard-

ing the matrix components Λµν
RR′ . They have to obey, however, some relations that follow

from the behaviour of the forces in a crystal lattice [37]. In the nearest neighbour ap-

proximation this enables us to express all matrix elements by one of them (e.g. Λ00) [1].

In case of a vacancy in a simple cubic lattice Λ00 = −6ms2/a2 and no free parameters

are required. In this case V = a3, Σnn′ = (nn′)2 and

dσkk′ =
( a

2π

)2

(ka)4(nn′)2dΩ′. (49)

In case of impurity, this quantity should be multiplied by a factor σ0 =(Λimpurity
00 /Λvacancy

00 )2.

Note, that during all the consideration we have not assumed the perturbation caused

by the defect to be small. This is the advantage of the Lifshitz method used. Let

us call attention to the following peculiarities when considering isotope defects. In a

classical crystal isotope defects interact with the host atoms in approximately the same

way and the main difference consists in their mass. This leads to a correction factor

σ0 = (1 −mhost/misotope)
2. For 3He impurities in solid 4He σ0 = 1/9. In case of quantum

crystals isotopes differ not only in mass but also in their zero-point vibrations affecting

in this way the local values of the elasticity module [2]. An attempt to estimate this

effect was made by Slusarev et al. [38]. They argued that this effect could be larger

than that of the mass-difference and that we had not taken it into account. The later

statement is not acceptable as seen by the consideration above. In our short letter [18]

the principal value of the cross-section (given by the mass-difference) was used in order

to avoid model considerations. We shall not discuss here the model assumptions in [38]

in detail. However, the correction proposed is given by the quantity α̃ ≈ Θ3/Θ−1 ≈ 0.23

in the expression (cf. Eq. (15) in Ref. [38])

G1/4 = α2 + α̃2 − 1

2
αα̃ ≈ 0.11 + 0.0145 (50)
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with α = σ0 = 1/3. Obviously, the correction 0.0145 could not be considered ’larger’

than 0.11. In our opinion the next terms in Eq.(14) in [38] are of the order of G1/2
12 ∼

2 × 10−4G1 and are far from the model accuracy used.

The diffusion coefficient may be calculated solving the Boltzmann equation, which is

of the type of Fokker-Plank equation [2, 3]. However, the specific features of the defecton

motion in the phonon gas lets us solve the problem without resorting to the kinetic

equation. We follow here the method proposed in [1, 19].

Since the defecton velocity is much smaller than that of the sound, the main contri-

bution is due to two-phonon processes. The energy and quasi-momentum conservation

laws for an individual collision are:

ε(p) + �sk = ε(p′) + �sk′ (51)

p+ k = p′ + k′ + 2πb (52)

where k and k′ are the quasi-wave vectors of the incident and scattered phonons respec-

tively, ε(p) – the defecton dispersion law, and b is an arbitrary vector of the reciprocal

lattice. The linear dispersion law for the phonons is used since the temperature is much

smaller than the Debye temperature. The phonon gas can be considered to be in equi-

librium, and hence the mean value of the phonon quasi-momentum is �k ∝ T/s. Only

phonons with quasi-wave vectors near the centre of the Brillouin zone take part in col-

lisions, and Umklapp processes may be neglected. The temperature, in general, can be

higher or lower than the defecton band width ∆. In both cases the relative variation of

the defecton energy and quasi-momentum in a collision are small. If ∆ � T � θp then

Eqs. (51) and (52) yield

δε =
∂ε

∂p
δp = �v(p− p′) = �v(k-k’) ≤ 2v�k ∝ 2vT/s

and hence,

δε/∆ ≤ T/θp � 1. (53)

Similarly,

| p - p′ |
p

=
| k - k′ |

p
≤ 2T

�sp
∼ T

paθp
� 1, v ∝ a∆/�. (54)

In the opposite case, when T < A < θp, the defecton dispersion law may be replaced by

a quadratic one and the effective mass approximation can be used:

ε(p) =
�

2p2

2m 
.

Then the change of the phonon wave vector is

χ = k′ − k =
k

p0

p(n′ − n) − k2

p0

(1 − nn′) (55)
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where p0 = (m s)/� = 2θp/(Aa) and n = k/k, n′ = k′/k — the directions of the incident

and scattered phonons. The wave vector transferred is

q = k(n− n′) + χn′. (56)

The relative variations of energy and quasimomentum are, therefore, small in this case

too
δE

ε(p)
∝ k

p
∝ (AT )1/2

θp
� 1,

q

p
∝ k

p
� 1.

As for the phonon quasimomentum, its direction changes greatly in each collision, but

its magnitude remains practically constant. The situation thus recalls the motion of a

heavy particle in a gas of light particles. The difference lies in the dispersion laws and in

the different statistics obeyed by the defectons and phonons. It is important to note also

that the width of the defecton energy band is relatively small.

Let us find first the diffusion coefficient in momentum space. Clearly, the change of

the square of the wave vector per unit time is given by the integral

〈q2〉 =
3s

(2π)3a5

∫
d3kdσkk’n(k)(k− k′)2 (57)

where n(k) = {exp(�sk/T ) − 1}−1 is the phonon distribution function, and dσkk′ is the

differential cross section (48). At low temperatures (T � θp) the integral in Eq. (57) may

be expressed in terms of the Riemann ζ-function:

〈q2〉 = α
σ0s

a3

(
T

θp

)9

, α =
π5ζ(9)

240ζ(8)
≈ 1, 27. (58)

To calculate the diffusion coefficient in coordinate space we proceed as follows. We

define the free path time of the defecton as a time during which the transferred momentum

squared becomes of the order of the square of the initial particle momentum:

τ = τ0
1

ασ0

ε(p)

θp

(
θp
T

)9

, τ0 = �/A (59)

Then the mean free path is the path traversed during the time τ :

l =

√
2

α

a

σ0

ε(p)
3/2

θp
√
A

(
θp
T

)9

, (60)

and the diffusion coefficient in the phonon gas is

DT =
as

3ασ0

(
ε(p)

θp

)2(
θp
T

)9

. (61)

The presence of the ninth power of the temperature has a lucid physical meaning:

three degrees are connected with the number of phonons, four with the scattering cross
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section, and two with the “ineffectiveness” of the collisions (when a heavy particle is

scattered by light ones).

It is instructive to note once again that in all the kinetic relations, the characteristic

temperature parameter is not the Debye temperature Θ as assumed in [12, 14, 33, 7] but

θp = �s/2a ≈ Θ/8. The consequence of this is that the kinetic characteristics evaluated

in the works mentioned differ from our results by a great factor of the order of 108.

The mean value ε(p) depends both on the temperature region and on the quasiparticle

statistics. For Fermi-Dirac statistics, ε(p) = εF ∝ ∆x2/3 , and

DF ∝ as

σ0

x4/3

(
∆

θp

)2(
θp
T

)9

. (62)

In the case of Bose-Einstein statistics:

DB ∝ as

σ0

(
θp
T

)7

. (63)

Since the degeneracy temperature T0 ≈ ∆x2/3 is extremely small, the inequality T0 � T

is practically satisfied in the entire experimentally accessible region. If at the same time

T < ∆, then Boltzmann statistics applies and the relation ε(p) = 3T/2 may be used to

estimate the averages over the temperature. In this case we obtain for the free path time

and for the diffusion coefficient, respectively,

τB ≈ 1, 18
τ0
σ0

(
θp
T

)8

, DB ≈ 0.59
as

σ0

(
θp
T

)7

. (64)

From the last expression and the Einstein relation we easily obtain the mobility b of

the defecton in the phonon gas

b =
DB

T
= 1.18

a2

�σ0

(
θp
T

)8

. (65)

Naturally, the same value of the mobility can be obtained by direct calculation of the

force experienced by a quasiparticle moving in the gas. Indeed, in the system in which the

defecton is at rest, the phonon distribution function takes the form n(k) = ñ(ε − �kv),

and the force acting on the defecton can be expressed as the change of momentum per

unit time:

F =
3s�

(2π)3

∫
d3kdσkk′ñ(k)k(n− n′) = b−1v.

To first order in the small ratio v/s� 1, the mobility calculated in this manner coincides

with that of Eq. (65).

If T > ∆, then the band is filled uniformly and ε(p) = ∆. In this region which is the

most interesting one from the experimental point of view we have

τ =
τ0
ασ0

∆

θp

(
θp
T

)9

, DT =
as

3ασ0

(
∆

θp

)2(
θp
T

)9

. (66)
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It follows from the above deduction, that the results obtained are valid as far as the

mean free path l is much longer than the lattice constant (l � a). This condition leads

to the inequality T < Tk, where

Tk = θp

(√
2z

ασ0

∆

θp

)1/9

. (67)

At temperatures T > Tk the mean free path becomes smaller than the interatomic

distances, and the free path time τ gets shorter than the delocalization time (7). As a

result, the defecton spends a greater part of the time within the cell, and only rarely

does it execute individual transitions (tunnel or activation) to a neighbouring equivalent

position — the so called phonon stimulated localization takes place. At T = Tk the

diffusion coefficient is

D ∝ a2∆

�
. (68)

Its behaviour at higher temperatures calls for a special analysis.

It has been reported in [39] that in case of light interstitials the law D ∼ T−9 is valid

up to the Debye temperature, independently of the small mean free path. Unfortunately,

the melting point of solid helium is much lower than the Debye temperature, and hence

this prediction cannot be tested experimentally. On the other hand the consideration

made in [39] does not take into account of the fact that the activation mechanism may

become essential far below the Debye temperature Θ.

6 Comparison with experiment. Determination of the impuri-

ton characteristics

Let us summarize the results obtained and compare them with the available experimental

data on diffusion of 3He impurities in solid 4He.

The most important processes which determine quantum diffusion in helium are:

i) scattering by defects, leading to a temperature independent diffusion, and ii) defecton-

phonon scattering which determine the temperature dependence. In the most interesting

case when T � ∆ the diffusion coefficient is given by Eq. (66). As far as the defecton-

defecton and defecton-phonon scattering are independent, the total diffusion coefficient

may be obtained using the Matthiessen rule. This yields [18]:

D−1 = D−1
0 +D−1

T

=
θp
as∆

[
2
√
zxσ + 3ασ0

θp
∆

(
T

θp

)9
]
. (69)

The transition from the temperature regime (66) to the constant value (39) takes place

at the temperature

T  = Tkl
−1/9 (70)

where Tk is given by the expression (67). Thus, the temperature interval may be divided

into three parts. The region ∆ < T < T  corresponds to impuriton-impuriton scattering
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while scattering by phonons prevails at T  < T < Tk. At T > Tk (but below the melt-

ing point) the classical activation diffusion comes into effect. The diffusion coefficient

behaviour is schematically shown in Fig. 2. The diffusion coefficient first decreases expo-

nentially with decreasing temperature to Tk, then increases rapidly (∼ T−9), and when

T < T  reaches to a plateau which depends on the concentration (to be more precise, on

the mean free path l ∼ 1/(xσ)). If xσ → 1, then the mean free path l→ 1, and T  → Tk.

It is seen, therefore, that the observation of the temperature dependence of the coherent

quantum diffusion is possible as long as the coherency condition l� 1 is fulfilled.

Let us consider for definiteness the case of h.c.p. 4He crystal, with molar volume

Vm ≈ 21 cm3. Then the values of the quantities included in the expression (69) which

can be measured independently are as follows

θ = 26 K, θp = 10/3K, a = 3, 27, s = 320 m/s. (71)

The quantity σ0 calculated with an account of the mass difference of helium isotopes

is equal to [18] σ0 = ((m4 − m3)/m3)
2 = 1/9. We shall limit ourselves to this value

because an account of the change of the elastic moduli [38] would be based on model

considerations and would finally give a correction small compared to the experimental

error.

Substituting (71) into (69) yields the following expression for the dependence of the

diffusion coefficient on the temperature and concentration.

D−1 = 5.6 × 104xσ

∆
+

0.1

∆2
T 9. (72)

The expressions for characteristic temperatures then take the form:

Tk = 4.2∆1/9, T  = Tkl
−1/9 ≈ Tk(xσ)1/9. (73)

The second term in (72) corresponding to the diffusion law (66) enables us to deter-

mine the band width ∆ from the temperature dependence only . Having the value of ∆

one can calculate the cross-section σ from the first addend.

In order to study the dependence on the molar volume Vm let us write the expression

(69) in the form:

D−1 = B−1x+G−1T 9 (74)

where

B = D0x, G = 2.4as∆2θ7
p = 4.8

a2

�
∆2θ8

p. (75)

The values of the coefficients B and G at different molar volumes and concentrations

are given in Table 1. As far as the dependence of θp on Vm is known (the Grüneisen

parameter γ is the same as for the Debye temperature) Eq. (11) enables us to find the

”Grüneisen parameter for the band width” γ∆ :

γ∆ = d(ln ∆)/d(lnVm) = 4γ − 1

3
+

1

2
γG (76)
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where

γG = d(lnG)/d(lnVm).

Substituting here γ = 2, 6 and calculating γG ≈ 21 from the experimental data given in

Table 1, yields γ∆ ≈ 21.

x Vm B.1011 G.10−8 σ source
% cm3 cm2/s cm2s−1K−9

0.05 20.23 0.35 4.8 173 [28]
0.05 20.42 0.45 7.7 162 [28]
0.05 20.62 0.9 4.5 104 [28]
0.05 20.84 1.6 10 71 [28]
0.05 20.98 2.8 10 48 [28]
0.01 20.95 2.32 [40]
0.01 21 2.8 10 [28]
0.02 21 2.8 10 [28]
0.0242 20.95 2.35 [40]
0.0499 20.95 1.9 [40]
0.05 21 24 [41]
0.006 20.95 1.0 24 [42]
0.12 21 24 [41]
0.25 21 0.81 [15]
0.01 20.70 1.1 [40]
0.242 20.70 1.2 [40]
0.0499 20.70 0.9 [40]

Table 1 Quantities B, G (74) and σ as functions of the molar volume Vm and concentration x.

This value is close to that for the Grüneisen parameter for the exchange integral in
3He (γj ≈ 18). Unfortunately, the experiment is not precise enough to lead to unique

conclusions.

Let us turn now to Eq. (40) and write the Grüneisen parameter in the form

Γ = ∂(lnD)/∂(lnVm) = 2γ∆ − γv0 +
2

3
≈ 42

2

3
− γv0 . (77)

The experimental values of Γ differs significantly even within the publications of one

and the same group. In [15] the value

Γ = 47 ± 11, (78)

has been obtained while Allen, Richards and Schratter [43, 28, 40] reported

Γ = 57 ± 12. (79)

A conclusion may be made from a comparison of (70) and (71) that the interaction

between impurities (characterized by the quantity V0) depends on the molar volume
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being relatively small: γv ≈ 5. Such a dependence can be obtained by assuming that

V0 ∼ KTa
3, where KT is the isothermal modulus of elasticity [41]. On the other hand a

comparison of (70) and (72) leads to a strong dependence: γv ≈ 16.

Let us now show the order of calculation of defecton characteristics on the basis of the

data in Table 1. Estimation will be made for Vm = 21 cm3, x = 0.05%, B = 2.8 × 10−11

[28]. Comparing the values for G with Eq. (72) yields the band width ∆ = 10−4 K.

Substituting the result obtained into the expression for B (the first term in (72)) at

given concentration one obtains the cross-section σ = 104∆/(5, 6B) = 64a2. Then V0

may be obtained from (24): V0 ∼ σ∆ ∼ 0, 65 × 10−2 K (Eq. (21) gives a slightly larger

value of the same order.) Making use of (35) one may calculate the mean free path

l = a/(
√

2xσ) ≈ 23 a and verify the coherence condition l� a. Finally, temperatures Tk
and T  are calculated and compared with the experimental curve D(T ). This procedure

yields:

∆ ≈ 10−4K, σ ∼ 64 a2, V0 ∼ 10−2K

Tk = 1.2 K, T  = 0.7(104x)1/9K. (80)

If the value G = 2.4 × 107 reported in Refs. [41], [42] is used, then ∆ ≈ 1.5 × 10−4 K.

Both values are within the experimental error.

In regard to the concentration regions, we observe that the gas approximation is valid

at concentrations

x < σ−3/2 ≈ 10−3, (81)

and the region of interacting quasiparticles is given by the inequalities

10−3 < x < 10−2. (82)

A comparison of theoretical and experimental results [41, 28, 42] is shown in Figs. 3,

4, 5, 6, 7. Fig. 3 is an experimental corroboration of the ninth degree in the diffusion law

(66), Fig. 4 shows the concentration dependencies of the diffusion coefficient in the region

of the low-temperature plateau. The temperature dependence at different concentrations

and molar volumes is shown in Fig. 3 and Figs. 5, 6, 7.

In order to avoid any misunderstanding it is worth noting that an interpolation formula

analogous to (69) has been used also in [23, 15, 44, 8]:

D−1 =
�

Aa2

[
x+

θ

A

(
T

Θ

)9
]
. (83)

This expression contains two essential differences compared to (69). The first is the

presence of the Debye temperature Θ instead of θp = �s/2a ≈ Θ/8. The second is that

(83) does not contain the cross-section σ whose role has already been considered. The

same error is present also in [21, 45]. That is why the values of the band width obtained

in these works turned out to be smaller by more than 2 orders of magnitude.

In order to describe the temperature dependence in the third region in Fig. 2 one has

to add the classical expression

Dv =
a2

6
ωv exp{−Φv/T} (84)
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where the subscript v refers to vacancies because the diffusion is dominated by the

vacancy-impurity exchange. Typical values of the exchange frequency is ωv ∼ 108 ÷
109 s−1 ∼ 10−2 K. The final form of the diffusion coefficient is therefore:

Dtot = D +Dv

=

{
C1
xσ

∆
+ C2

θ2
p

∆2

(
T

θp

)9
}−1

+D0
ve

−Φv/T (85)

where D is given by eq. (69), and

C1 =
�
√
z

kBa2
≈ (2.5 ± 0.5) × 104 K.s/cm2, (86)

C2 =
3ασ0

as
= (440 ± 15) cm−2s, (87)

D0
v =

1

6
a2ωv = (3 ÷ 10) × 10−7 cm2/s (88)

with kB – the Boltzmann constant. The quantities θp and ∆ depend on the molar volume.

The Grüneisen parameter for θp is the same as for ΘD. According to Edwards and Pandorf

[46] for 4He ΘD = 7.12 × 104/V 2.60
m K. For θp one has

θp = 0.91 × 104 V −2.60
m K. (89)

We plot in Fig. 5, Fig. 6 and Fig. 7 the dependencies (69) and (85). The quantity

θp is calculated using (89). The experimental points are from Ref. [28]. The fit may

be improved by further variation of the parameters, but this does not seem reasonable,

considering the approximations made. It is seen that the activation energy Φ is in good

agreement with what has been observed experimentally [28] and increases with decreasing

molar volume as it should. The band width also manifests a strong molar dependence

changing almost two times from Vm = 21 cm3 to Vm = 20.60 cm3. The corresponding

Grüneisen parameter is approximately 25 in good agreement with eq. (76).

7 Phonon–controlled versus vacancy–controlled diffusion

Although the theory of quantum diffusion has been well confirmed by experiment, some

attempts to regenerate the idea of thermal vacancy-assisted diffusion have appeared re-

cently [47, 48, 49, 50, 51]. This mechanism was proposed by Locke [52]. The diffusion

coefficient in case of vacancy-impurity scattering is of the form (11) with A = J2
34/ωv :

DIV =
π

4

kBJ
2
34a

2

�ωvxvσIV
(90)

where ωv is the 4He– vacancy exchange rate, xv is the vacancy concentration, and σIV
is the impurity–vacancy cross-section (in units a2). Since the vacancy concentration
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increases with increasing temperature as xv ∼ e−Φ/T , the diffusion coefficient varies ex-

ponentially and increases with decreasing temperature according to

DIV = D0
IV e

Φ/T (91)

with

D0
IV =

π

4

kBJ
2
34a

2

�ωvσIV
= 1.77 × 10−14 cm2/s (92)

where the following values of parameters were used in Ref. [52]:

Φ = 12 K, a = 3.67 , ωv = 0.02 K,

J34 = 8 × 10−7 K, σIV = 0.25 (93)

The fit was found to be not satisfactory (see Ref. [52, 28]).

Kisvarsanyi and Sullivan (KS) [49] used the same formula with higher values of J34

J34/2π = 2.3 × 105 Hz, i.e. J34 = 1.1 × 10−5K (94)

and slightly different values of the other parameters, namely:

σIV = 1.40, ωv = 1.2 × 109 s−1 = 0.93 × 10−2 K (95)

With a = 3.27 × 10−8 cm this yields:

DKS
IV = 1.03 × 10−12eΦ/T cm2/s (96)

Hence, one has for the diffusion coefficient

(DKS)−1 = D−1
0 + (DKS

IV )−1 (97)

instead of (69). The diffusion coefficient for the whole temperature region (85) is then

replaced by

DKS
tot =

(
D−1

0 + (DKS
IV )−1

)−1
+Dv (98)

with Dv from (84).

In their works Kisvarsanyi and Sullivan [49] (see also Refs. [50], [51]) argue that

eq. (98) describes well the experimental data of Allen, Richards and Schratter [28] and

that ”the overall fit for only one adjustable parameter is very good”. The value of this

parameter for Vm = 20.62 cm3 and x = 5 × 10−4 was found to be Φ = 10.5 K. We

check this in Fig. 8 (solid line). For comparison we show the function (98) for different

values of ω. Unfortunately, we do not see any satisfactory agreement. Furthermore, it is

confusing that in KS theory the vacancy activation energy Φ decreases with decreasing

molar volume (Φ = 11.5 K at Vm = 21 cm3, and Φ = 10.5 K at Vm = 20.62 cm3).

Some other comments on their theory can be found in Refs. [53], [54]. However, there

are two points we have to discuss here. One concerns the impurity–vacancy cross-section

σIV = 1.40 a2. There are no details about its calculation. The only available information
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is that ”the standard central force approach as given by Goldstein [55]” and Lennard-

Jones 6–12 potential have been used. Following the reference link one sees that one of the

authors cites a private communication to herself [47]. This important point, therefore,

needs elucidation.

The second point concerns neglecting the impuriton-phonon scattering leading to

DT = G−1T−9 (cf. Eqs. (66), (74), (75)). KS have compared the reciprocal values of the

diffusion coefficients given by expressions (66) and (91) and have come to the conclusion

that the impuriton-phonon scattering is weaker by more than two orders. As a result, they

have neglected DT . However, as it was shown in [54], they have made a plain arithmetical

error when evaluating the factor G. Indeed, they have written the factor G in the form

G−1
KS =

5z

32π9
(6π2)−2/3a

2J2
34

ωD
Θ9

D

= 4.14 × 10−6a
2J2

34

ωD
Θ9

D (99)

and have used the following set of parameters

ΘD = 30 K, ωD = kBΘD/� = 3.9 × 1012 s−1,

J34 = 2π × 2.3 × 105 = 1.44 × 106 s−1

A correct calculation of (99) yields

G−1
KS = 0.45 × 10−7 cm2s−1K9, GKS = 2.2 × 107 (100)

in perfect agreement with the values used in our works and confirmed by the experiment.

KS have calculated G−1
KS = 6.0 × 10−5, i.e. more than 103 times larger. As a result, they

have neglected the larger term, not the smaller.

In their Reply [51] to the Comment [54], KS have made an attempt to justify them-

selves by an inappropriate variation of the set of parameters. They changed ΘD from

30 K to 33 K (this Debye temperature corresponds to Vm = 19.18 cm3 far away from the

region considered; in fact ΘD = 26 K for Vm = 21 cm3 [46]), and J34 from 1.5×106 s−1 to

15.7 × 106 s−1 = 1.2 × 10−4 K (a value more than 10 times larger than the experimental

one). But even with these unrealistic values they were not able to reach 6.0 × 10−5 K.

8 Phonon stimulated diffusion

The theory presented in the preceding sections refer to good quasiparticles, i.e. to defec-

tons with large mean free path compared to the lattice constant and a mean free time

much longer than the delocalization time τ0 (7). If the concentration of defects increases,

the coherence condition is not fulfilled. As we showed in Section IV (cf. the text after

(42), the localization process may be considered in terms of quasiparticles. However, we

shall follow in this section a visual interpretation proposed by Kagan and Maksimov [56].

Let us consider the defecton states in two nearest neighbouring lattice sites. The

energy levels in each lattice site are split in a band with a width ∆. Any coherent (without
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phonons) tunneling between these sites is allowed only if the two bands overlap at least

partially. In an ideal crystal all lattice sites are equivalent and the energy levels do not

depend on the coordinates. This is the optimal case for tunnel transitions. In a deformed

crystal the levels are shifted and the“window“ of overlaping states gets smaller. This takes

place both in static deformation and in elastic wave (phonon) propagation. In the later

case the defecton bands are floating up and down, the effective window gets narrower and

the diffusion coefficient decreases. The deformations increase with increasing temperature

leading to the known lawD ∼ T−9. Of course, such a consideration cannot yield the exact

dependence.

Let us now start from a deformed crystal with a given initial shift δε of the energy

bands of the order of the band width itself, so that the window and the tunneling proba-

bility are negligible. With increasing temperature the floating of the levels will increase,

and hence the overlap between the bands increases. As a result, the diffusion coefficient

should increase. It is seen that the the phonon stimulated diffusion is based on the same

mechanism as the coherent one. The analysis shows that the analogy is deeper. Kagan

and Maksimov showed that the transition probability in this case is

W =
2AΩ(T )

(δε)2 + Ω2
(101)

where Ω(T ) = θp(T/θp)
9 is the reciprocal relaxation time in phonon gas (cf. Eq. (59)

with � = 1). At δε << ∆ this expression leads to the welknown result (D ∼ T−9). If

δε� ∆, then

D ≈ za2

(
A

δε

)2

Ω(T ) ∼ T 9 (102)

The magnitude of δε may be estimated by means of (16) with n = 3. This yields

δε = |∇ϕ|a|r=x−1/3 ∼ V0x
4/3

The quantity δε becomes comparable to ∆ at x ≈ 4%.

Quantum diffusion in solid solutions of helium isotopes with 3He impuritons was

proved and confirmed for a wide range of concentrations in the precise experiments of

Mikheev, Mikhin and Maidanov [57]. We highly recommend the reader to turn to the

original experimental works for details.

9 Conclusion

We presented in this work the basic ideas and results on quantum diffusion of defects in

solid helium. We showed that the strong temperature dependence, predicted in [12, 1]

can be explained very well by the phonon-defecton scattering. The interpolation formula

(85) is in excellent agreement with the available experimental data. The theory allows

evaluation of some important quasiparticle characteristics by direct comparison with the

experiment. The exchange integral and defecton band width were estimated. The funda-

mental role of the narrowness of energy band width in the defecton-defecton scattering
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and the resulting giant cross-sections predicted in [1, 18] were confirmed. The depen-

dence of the kinetic characteristics on the molar volume was analyzed as well. A critical

analysis of some other theoretical models and calculations was made. In particular, the

inconsistency of the vacancy-assisted diffusion [49] at low temperatures was shown. The

topics considered in this article represent in a sense the unambiguous groundwork of the

defecton kinetics from an uniform point of view. We did not concern ourselves with the

problem of quantum diffusion in solid solutions near the phase separation under inten-

sive investigation recently, as well as the role of the quantum properties of vacancies in

phase transitions, their effect on the surface shape etc. These effects will be considered

in another review article.
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Fig. 1 Defecton band shape in the deformation field. The mean free path l is determined by
the scattering on the defecton band boundaries.
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Fig. 2 Schematic representation of the diffusion coefficient for x3 < x2 < x1.
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Fig. 3 The dependence of the diffusion coefficient on the temperature. The straight line corre-
sponds to the law lgD−1 = 9 lg T + 6.613.
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Fig. 4 Concentration dependence of the diffusion coefficient at Vm = 20, 95 cm3 in the region of
the low-temperature plateau after [42].
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Fig. 5 Temperature dependence of the diffusion coefficient at fixed concentration x = 5.10−4

and a molar volume Vm = 20.98 cm3. Experimental points from Ref. [28]. Solid line: theoretical
curve (69) for θp = 3.33 K, ∆ = 0.9 × 10−4 K, D0 = 5.5 × 10−8 cm2/s, ωv = 3 × 109 s−1 [28],
Φ = 7.1 K; dashed line corresponds to Eq. (98), Φ = 11.5 K, ωv = 1.2× 109 s−1.
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Fig. 6 Temperature dependence of the diffusion coefficient at fixed concentration x = 5.10−4

and molar volume Vm = 20.84 cm3. Experimental points from Ref. [28]. Solid line: theoretical
curve (69) for θp = 3.39 K, ∆ = 0.9 × 10−4 K, Φ = 8 K; dashed line – Eq. (98) with the same
parameters as in Fig. 5 but Φ = 11 K.



454 D.I. Pushkarov / Central European Journal of Physics 2(3) 2004 420–455

0.5 0.75 1 1.25 1.5 1.75 2 2.25
T−1

3.10−9

5.10−9

7.10−9

1.10−8

2.10−8

D(T )

Vm = 20.62 cm3

x = 5 × 10−4

Fig. 7 Temperature dependence of the diffusion coefficient at fixed concentration x = 5.10−4

and molar volume Vm = 20.62 cm3. Experimental points from Ref. [28]. Solid line: theoretical
curve (85) with Φ = 9 K, D0 = 1.8× 10−8 [28], θp = 3.47 K (89), ∆ = 0.6× 10−4 K.
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Fig. 8 The diffusion coefficient (98) for fixed Φ = 10.5 K and different values of ω: solid line:
ω = 1.2 × 109 s−1; long dashed line: ω = 2.4 × 109 s−1; short dashed line: ω = 4.8 × 109 s−1,
dots – experimental results [28].


