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Abstract

This work is devoted to the behaviour of quasiparticles in crystalline solids subjected to time-varying
deformations (e.g. in the deformation "eld of an elastic wave). In such a case the quasimomentum
of the elementary excitation is not a conserved quantity, the dispersion law is not a periodic function
of the quasimomentum, the Hamiltonian does not coincide with energy, and Galilean transformations
do not hold in virtue of the privileged role of the lattice reference frame. The main achievement is
the uni"cation of the equations of elasticity theory, the Boltzmann transport equation, and Maxwell’s
equations (supplemented by the constitutive relations) in a selfconsistent set of nonlinear equations. This
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set is exact in the frame of the quasiparticle approach, and is valid for quasiparticles with an arbitrary
dispersion law.

Special attention is paid to the role of the quasimomentum.
Additional fundamental results are the derivation of the Hamilton equations of motion for a quasiparti-

cle in a noninertial deformable lattice frame, the transformation formulae for quasiparticle characteristics
(quasimomentum, energy, Hamiltonian, etc.) found to replace the Galilean transformations, as well as
the deduction of a Boltzmann transport equation valid for the entire Brillouin zone (and with moving
zone boundaries). The kinetic equation contains a new term responsible for noninertial e:ects.

The theory presented may serve as a generalization of the previous (linear) theories of electro-
acoustic interaction, magnetoacoustic e:ects and sound generation in metals, transport phenomena in
low-dimensional structures, etc.

Some instructive problems are considered. c© 2001 Elsevier Science B.V. All rights reserved.

PACS: 05.60.−k
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The general case of interactions between the lattice vibrations of an anisotropic
solid and the electrons lying on an arbitrary Fermi surface, in a presence of a
magnetic �eld, conjures up a vision of almost unlimited complexity.

What little has been published on the theory is at times somewhat misleading,
while as for the experimental results, they are so suggestive, and yet so tantaliz-
ingly scrappy, as to do little more than point to the need for systematic study,
with the virtual certainty that something of interest will emerge

A.B. Pippard

1. Introduction

The concept of a physical system is closely related to some steady quantities, i.e. to quantities
which are conserved for an isolated system and are meaningful as far as the interaction of the
system with external objects is weak compared to its internal binding energy. The fundamental
physical equations describe then the evolution of these quantities in time and space under various
external actions. As a rule, the choice of these quantities is determined by the basic conservation
laws which follow from the symmetry properties of space and time. The homogeneity of space
results in the momentum conservation law, and the evolution of the momentum is determined
(according to the Newton equation) by the inhomogeneities given e.g. by the gradients of "elds
(forces). In a homogeneous space the energy of the system depends on the momentum p in
the well known way (E = p2=2m), and has its minimum value at rest (p = 0). A coordinate
frame in which the space is homogeneous and isotropic, and time is homogeneous is known as
an inertial frame. It is important to realize that all fundamental equations, conservation laws,
variational principles, etc. are formulated and are valid in an inertial frame. All inertial frames
are equivalent (Galilean principle), and mechanical quantities and equations in di:erent inertial
frames are related by Galilean transformations.

A quantum theory of solids can be developed by close analogy. Quantum mechanics has
introduced two new concepts—the quantum mechanical state and the energy spectrum—both
depending on some conserved quantities (quantum numbers). Excited states of the system are
classi"ed in terms of these quantum numbers, the most important among them being related
to the fundamental features of space and time. The properties of space in a crystalline body
are de"ned by the symmetry of its crystal lattice characterized "rst of all by its periodicity.
The inhomogeneity of the “lattice space” means that the momentum is a bad quantum number
and has to be replaced by another one—the quasimomentum. The excited states are, hence,
classi"ed in terms of quasimomentum. The low-energy excitations can be represented as a sum
of elementary excitations or quasiparticles. The most important characteristic of a quasipar-
ticle is its dispersion law �(p), i.e. the dependence of its energy on the quasimomentum p.
Quasiparticles are not structural units of the body. They correspond to a kind of energy spec-
trum being therefore attached to a type of interaction. They can be considered as carriers of a
type of motion present in the system. Each type of motion generates its own quasiparticles—
phonons, excitons, magnons, etc. Consequently, quantum mechanics (and, particularly, the quasi-
particle approach) suggests a new way of characterizing systems in their dependence not on
their building elements but on the typical kinds of motion (represented by the corresponding
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quasiparticles). An appearance of a new kind of motion can change entirely the physical system.
The typical motion for a solid are atomic vibrations around the lattice sites in contrast to long
distance propagation in liquids; 1 atomic tunnelling at low temperatures leads to a new solid
state called quantum crystal; a special kind of motion is responsible for the state of liquid crys-
tals; conductors and superconductors di:er in their current carriers, etc. Even if a quasiparticle
(say, electron in a metal) originates from a real particle (electron) its behaviour is drastically
changed by the periodic lattice "eld.

The quasiparticle approach is, therefore, a result of general quantum-mechanical ideas applied
to condensed matter physics. It is not a property only of the theory of the solid state and
has been successfully applied to a number of systems in which the elementary carriers of a
phenomenon do not coincide with the structural elements of the substance. 2 What we would
like to stress here is the fundamental di<erence between quasiparticles in continuous media
(where momentum is well de"ned) and those in crystalline structures with their complicated
spectra expressed as functions of the quasimomentum. The crystal lattice is a privileged (and
not inertial) frame. Moreover, any quasiparticle is well de"ned only in a given ideal periodic
lattice, and there are no Galilean transformations to any other lattice frame.

The main charm of the quasiparticle approach is that it “decomposes” the complicated
strong interactions in solids and transforms them into gases of weakly interacting elementary
excitations.

However, the new approach presents new problems. First of all, the conservation laws and
variational principles have to be rede"ned. The values of the quasimomentum are con"ned in
a Brillouin zone, in contrast to the in"nite values of the momentum. Hence, the quasimomen-
tum conservation law has to take account of Peierls’ Umklapp processes. Second, one needs
mechanical equations of motion. There are three types of forces acting on a quasiparticle: (i)
external forces (say, electromagnetic forces), (ii) deformation forces arising in virtue of lattice
defects and deformations, and (iii) inertial ("ctious) forces related to the motion of the lattice.
Next, one needs a scattering theory for quasiparticles with arbitrary dispersion relations in an
anisotropic periodic space. Finally, one needs a transport equation (say a Boltzmann equation)
for quasiparticle gases. And in all these new theories quasiparticle statistics has to be taken into
account. It is worth noting that all fundamental equations mentioned take place in a laboratory
frame (L-frame) which plays a role analogous to the inertial frame in a homogeneous space
(but being a privileged one).

All these problems are as old as the quantum theory of the solid state itself. They have been
treated in a number of works when considering sound attenuation in metals, electromagnetic
generation of sound, magnetoacoustic e:ects, etc. Additional problems come from the electro-
dynamics of continuous media, with the old controversy between Minkowski’s and Abraham’s
theories, especially as concerns the "eld energy and momentum conservation laws as well as

1 More precisely, the di:erence is not in the behaviour of individual atoms, but in the kind of motion typical
of the whole system. For a solid this is the vibration of the lattice sites (determined as the maxima of the mass
probability distribution) which coincide with atoms in a classical interpretation only. The presence of the lattice
is also important—the elementary excitations corresponding to sound waves in a crystal lattice di:er signi"cantly
from those in liquids, although both are called phonons.

2 Typical examples are the theories of superKuidity and superconductivity, the theory of the Fermi-liquid and of
a weakly interacting Bose-gas, etc.
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the form of the Maxwell’s stress tensor. Final solutions of these problems have not been found
till now even for the case when no quasiparticles exist.

We present in this review a consistent consideration of quasiparticle behaviour in deformable
lattice structures in the presence of electromagnetic "elds. We consider the most general case of
time-varying deformations and quasiparticles with arbitrary dispersion laws. The theory presented
is valid in the frame of the quasiparticle approach, i.e. we suppose that quasiparticles are well
de"ned in the undeformed lattice and their dispersion relations are known. We shall not calculate
them. In what follows we shall stress the role of the quasimomentum and the fundamental role
of the quasiparticle–lattice interaction. This is the reason to restrict ourselves in the frame
of one-quasiparticle consideration. For simplicity, a one-band model is assumed and hence
interband transitions are neglected.

Our "nal aim is to unify elasticity theory, the Boltzmann transport theory, and Maxwell’s
equations (supplemented by their constitutive relations) into a full selfconsistent set of
(nonlinear) equations.

2. Historical remarks

The problem of the interaction of a quasiparticle with elastic waves appeared at the very
beginning of the quantum theory of solids. The "rst studies looked for a solution from "rst
principles. Bloch [1] proposed using an electron wave function of the type known now as Bloch
function

 (k) = uk(r)eik:r ; (2.1)

with amplitudes uk(r) that are periodic functions with lattice periods. The electron distribution
depends both on the electric "eld applied and on the lattice vibrations. Bloch obtained an integral
equation for the distribution a:ected, and found its solution within some simpli"ed conditions,
namely that the electron energy is only a function of k = |k| and that the transition probability
from the state k to k′ depends only on the angle between k and k′. When choosing the form
of the perturbation Hamiltonian for calculating the matrix elements between di:erent states
the hypothesis of a “deformable potential” was introduced. The same approach was used by
Sommerfeld and Bethe [2]. The opposite idea of a “rigid atom” was introduced by Nordheim
[3]. The metal resistivity calculated by these methods turned out to be much greater than
experimental values. Another modi"cation was used by Mott and Jones [4]. They considered for
the potential in the lattice cell only that part which is due to the host ion of the cell, neglecting
the inKuence of other ions. The resistance value obtained in this way was too small. Peterson
and Nordheim [5] calculated the ground state electron wave functions in an undeformed crystal
and in a deformed one. Presupposing that the amplitudes uk(r) for an electron in a periodic
and distorted crystal correspond to one and the same k, they assumed that the electronic charge
density is proportional to u2

k(r) and in each cell is equal to the charge of the ion (neutrality
condition). They found a relatively good agreement with the experimental data for the resistance
of Na and K. However, as shown by Bardeen [6], these authors had not taken into account
the Umklapp processes which could greatly increase the resistance if included. It follows also
from Peterson’s and Nordheim’s theory that the conductivity at low temperatures should be
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proportional to T 9 instead of T 5 (an important result which follows from Bloch’s theory and
is justi"ed by experiment). The period of calculating the electron–lattice interaction from “"rst
principles” ends perhaps with the work of Bardeen [6], based on the conductivity formula of
Drude–Lorentz–Sommerfeld:

� =
Ne2

˝kF
vF� ;

where N is the electron density number, kF and vF are the wave vector and electron velocity on
the Fermi-surface, and the relaxation time � is determined from the integral equation of Bloch.

The next stage in the theory of the quasiparticle–lattice interaction began with the work
of Landau and Rumer on sound attenuation in dielectrics [7]. This work is based on a new
nontrivial idea of considering the phonon gas in a crystal deformed by propagating elastic waves.
Sound waves are scattered by Debye thermal phonons and transfer energy and momentum. As
a result an attenuation of the sound wave appears, and a linear dependence of the attenuation
coeQcient on the frequency, !, is predicted for short waves in contrast to the long-wave limit
where a dependence proportional to !2 holds.

The problem of ultrasonic attenuation in solids was a focus of attention for a long time, and
found its “right place” in the theory of metals. The absorption of ultrasonic waves in metals
was "rst considered by Akhiezer [8]. The attenuation coeQcient � was determined by means
of the dissipative function T Ṡ per unit volume:

� = T Ṡ=2Eac ; (2.2)

where Eac is the energy of an acoustic wave per unit volume, and Ṡ is the rate of change of
the entropy density. The latter is determined in terms of the time derivative of the distribution
function, found from the transport equation. Akhiezer found that the temperature dependence
of the attenuation constant should be proportional to T−5 at T��D (�D being the Debye
temperature), and ∼ T−1 at higher temperatures. Such a dependence is typical of electrical
conductivity and appears as a result of its proportionality to the relaxation time. He established
the linearized form (with respect to deformations and lattice velocities) of the transport equation
for conduction electrons in a deformed crystal. After the experimental works of BSommel [9]
where the magneto-acoustic oscillations were discovered (see also Ref. [10] and references cited
there) the number of works on ultrasonic attenuation in metals rapidly increased [11–16]. Pippard
[14] proposed to use magneto-acoustic oscillations for the analysis of the electronic structure of
metals. A systematic study of the electron energy spectrum in metals was carried out by I.M.
Lifshitz and his school using galvanomagnetic phenomena in metals (see e.g. [17]), and the
magnetoacoustic oscillations were used as an additional method of investigation. An important
e:ect was caused by the parallel works of I.M. Lifshitz on the dynamics of quasiparticles with
arbitrary dispersion laws. A brief review of the basic ideas about the role of the electrons in the
propagation and the absorption of sound in metals can be found in [17]. In these works, however,
the sound velocity was neglected with respect to the velocity of Fermi electrons, and they were
considered as moving in an alternating and inhomogeneous (but practically “immobile”) "eld
formed by the acoustic wave.

At the same time the theoretical and experimental study of electroacoustic phenomena was
extended to some new problems: the collision-drag e:ect, contactless electromagnetic generation
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of sound, measurement of the sound dispersion, magneto-acoustic phenomena, rotation of the
plane of polarization of sound, e:ects developing in rotating bodies (superconductors), etc. It
was desirable to have a more general and powerful theory that is able to account for inertial
e:ects like the Stewart–Tolman e:ect, centrifugal forces, etc.

These e:ects required more sophisticated (re"ned) considerations. The approximation of a
free electron gas considered with consummate skill by Pippard was not satisfactory any more
even if it throws light and gives a clear and qualitatively correct physical picture.

All these circumstances posed the problem of deducing a full selfconsistent set of equations
which could allow consideration of all electroacoustic phenomena from a common theoretical
point of view. It became clear that such a system must include the equations of elasticity theory,
the Maxwell’s equations, and a transport equation. In general, such a theory could be applied
not only to metals, but also to semiconductors, semimetals, and dielectrics. There were many
people who gave signi"cant contributions in deducing a full set of equations [18–20], but in
our opinion the theory found its best form in the representation of Kontorovich [21–24]. We
postpone a discussion of his works for subsequent sections. It is, however, worth remarking
here, that his theory is only valid in a linear approximation with respect to the deformations
and lattice velocities, as well as that some steps in its derivation seem arti"cial and are not
consistent enough. On the other hand, the development of the quasiparticle theory of solids
is not a pure solid-state problem and needs some re"nement of the concepts of macroscopic
electrodynamics, especially when considering the electromagnetic forces acting on a crystalline
body and determining the electromagnetic "eld momentum.

This theorem, and the results derived here, are too good to be exactly true.

J.M. Ziman [25]

A theory is not an absolute truth but a selfconsistent analytical formulation
of the relations governing a group of natural phenomena.

J.A. Stratton [26]

3. Momentum and quasimomentum

One of the main diQculties when considering the behaviour of quasiparticles in external "elds
stems from the two di:erent descriptions of the equations of motion in a homogeneous space
and in a lattice structure. The Hamilton equations for a real particle are

ṙ=
9H
9p̃ ; ˙̃p= −9H9r : (3.1)

Although the mass of the particle is not explicitly written in these equations, it is presupposed
that the momentum p̃ be equal the mass @ow p̃=mṙ. The Hamilton function H(p̃; r; t) depends
on time and on the canonically conjugate variables p̃ and r.

On the other hand, the behaviour of a quasiparticle in a lattice in the absence of exter-
nal "elds should be described only in terms of its own characteristics (say, quasimomentum
and coordinates). It is important in this connection that we de"ne the quasimomentum more
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precisely. The best way of introducing it in our opinion is based on the Bloch theorem. We
shall brieKy recall its idea and results. Let us write the SchrSodinger equation in the form

i˝9 9t =
(
− ˝

2

2m
� + U (r) + V (r)

)
 ; (3.2)

where V (r) is an external potential, U (r) =U (r+ a) is the periodic lattice potential, a=N�a�,
(a� are the lattice vectors, N�—integers, � = 1; 2; 3), and the summation convention is implied.
In the absence of external "elds (V = 0), the wave function is of the form

 (r) = eik:ru(r) ; (3.3)

where the Bloch amplitudes satisfy the periodicity condition u(r + a) = u(r). This means that
the quantum mechanical states can be classi"ed in terms of the quasiwavevector k or the
quasimomentum p=˝k. It is seen, therefore, that quasimomentum is nothing else but a quantum
number that appears due to the translational invariance of the lattice space and has nothing to
do with the momentum in a real homogeneous space.

Substituting the wave function (3.3) with k= p=˝ into the SchrSodinger equation (3.2) yields
the following equation for the Bloch amplitudes:

Ĥpup(r) = �(p)up(r) (3.4)

with

Ĥp = e−(i=˝) p:rĤe(i=˝) p:r =
1

2m
(−i˝∇ + p)2 + U : (3.5)

This equation is written for a given value p of the quasimomentum, and that is why the energy
eigenvalue, �(p), depends on p as on a parameter. The eigenfunctions (for given p) form an
in"nite row of functions usp(r) labeled by the zone subscript s. Finally, the stationary states in
an in"nite periodic potential are of the form

 sp(r) = e(i=˝)p:rusp(r) ; (3.6)

and the corresponding energy spectrum consists of in"nite number of branches:

� = �s(p); s = 1; 2; 3; : : : : (3.7)

Obviously, the quasimomentum values that di:er by a reciprocal lattice vector (multiplied by
2�˝) are physically equivalent. Indeed, the reciprocal lattice vectors a� are introduced according
to the relations

a� · a� = ��
�; a�

i a�k = �ik : (3.8)

A translation r → r+ a by a vector a = N�a� is equivalent to the transformation  sp(r+ a) =
e(i=˝) p:a sp(r): Therefore, any translation in p-space by a vector 2�˝b, where b = n�a� (with
integers n�) is a period of the reciprocal lattice, changes the phase of the wave function by
an integer multiple of 2�i. The periodicity in p-space is an important property of all physical
quantities—dispersion law, velocity, momentum, etc.

As we mentioned above, the momentum and the coordinates of a real particle are canoni-
cally conjugate. This is reKected in their operator forms. In the momentum representation the
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coordinate operator is r̂ = i˝(9=9p̃): The same operator in the quasimomentum representation
is [27]

r̂= i˝ 99p + #̂ : (3.9)

The operator #̂ can be determined by its matrix 〈s′p|#|sp〉, which is diagonal with respect to
the quasimomentum and is responsible for interband transitions.

It follows from (3.9) that the operator of the quasiparticle velocity is

v̂=
i
˝(Ĥ r̂− r̂Ĥ) = −

(
Ĥ
9
9p − 9

9p Ĥ
)

+ ˆ̇# (3.10)

and, hence, its matrix elements are

vss′(p) =
9�s(p)
9p �ss′ +

i
˝(�s(p) − �s′(p))〈sp|#|s′p〉 (3.11)

(no summation over s). The diagonal elements of this matrix give the mean velocity in the
energy band �s(p):

vs =
9�s(p)
9p : (3.12)

This is the velocity of a quasiparticle (of a given energy branch) with respect to the perfect
periodic lattice. 3 Eq. (3.12) can be considered as a Hamilton equation in the lattice frame
(L system):

ṙ=
9�(p)
9p : (3.13)

This means that the dispersion law is both the kinetic energy and Hamilton function of a free
quasiparticle. The second Hamilton equation is obviously p= const, or ṗ= 0. Nevertheless, the
quasimomentum and the coordinates are not “exactly” canonically conjugate as seen from the
operator form (3.9). The quasiparticle (mean) momentum in the lattice frame, p0(p), coincides
with the mass Kow

p0 = mv= m
9�(p)
9p (3.14)

and is a periodic function of quasimomentum. The momentum of massless quasiparticles
(say, phonons) is, thus, zero.

Obviously, any attempt to account for external "elds or forces in the framework of the
quasiparticle approach should consider them as small in the sense that they do not change
signi"cantly the dispersion law. There are many interesting approaches and theorems developed
for (quasi-)electrons 4 in electromagnetic "elds the main purpose of which is to prove that
the equations of motion of the quasiparticle coincide in form with those for the corresponding

3 If the electron position in the crystal is written in the form r=R + r′ where R corresponds to the lattice site,
and r′ is the relative displacement then Eq. (3.11) can also be written in the form [17] vss′(p)= (9�s(p)=9p)�ss′ +
(1=˝)(�s(p) − �s′(p))r′ss′(p) where the matrix elements r′ss′(p) are taken by means of the wave functions
 sp(r′)= e(i=˝)p:r′usp(r′):

4 We shall further use the term electron for both the quasielectron and the electron in vacuum.
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real particle by replacing the (ordinary) momentum in (3.1) with the quasimomentum (see
e.g. [28,29,17] and the references cited there). One of them is based on the representation of
the electrostatic "eld via the vector potential A = −Et at zero scalar potential ’: E= −∇’−
(1=c) 9A=9t. This substitution avoids the problem of the in"nite values of the scalar potential
’ = −E:r at large distances. Replacing ˆ̃p= −i˝∇ by ˆ̃p − (e′=c)A = −i˝∇ + e′Et one obtains 5

instead of (3.5) the following Hamiltonian (with t considered as a parameter):

H ′
p =

1
2m

(−i˝∇ + e′Et + p)2 + U : (3.15)

Hence, the quantum number p is now replaced by another one depending on t as on a parameter:
p(t) = p + e′Et. Di:erentiating with respect to time yields ṗ = e′E: Obviously, this approach
cannot be applied for other kinds of forces.

The same result can also be obtained in the following simpler way. The change in quasiparticle
energy per unit time, �̇= (9�=9p) ṗ= v:ṗ equals the work of the external forces Ȧ= e′E:v. This
yields immediately

ṗ= e′E : (3.16)

Eq. (3.16) coincides in form with the Newton equation with momentum p̃ replaced by the
quasimomentum p. The magnetic "eld cannot be accounted for in the same manner. Di:erent
ways of introducing magnetic "eld can be found in the literature [13,17,25,27], and we shall not
discuss them here. They suggest that the time derivative of the quasimomentum in the general
case equals the Lorentz force

ṗ= FL; FL = e′E+
e′

c
v × B ; (3.17)

where B is the magnetic induction.
Eqs. (3.17) and (3.13) are the mechanical equations of a quasiparticle propagating through

an immovable ideal periodic lattice in the presence of an electromagnetic "eld. It is important
that they do not contain the bare mass of the particle (electron). The main assumption in
all considerations is that the external electromagnetic "eld is weak compared with the atomic
"elds. Otherwise the spatial periodicity will be violated, and both the quasimomentum and the
dispersion law will be bad quantum numbers.

It is important to have in mind that the formal coincidence of Eq. (3.17) with the correspond-
ing classical Newton equation ˙̃p=FL for an ordinary particle does not mean that their solutions
coincide. For example, if E= const, B= 0, then one has for an ordinary particle with mass m:
mṙ= mv0 + e′Et (and, hence, its coordinates increase in"nitely as r= r0 + v0t + (e′E=2m)t2).

The corresponding equation for a quasimomentum reads

p= p0 + e′Et : (3.18)

However, it is seen now from the energy conservation law

�(p) − e′E:r= const (3.19)

that the distance along the "eld cannot in"nitely increase. Due to the "nite energy band width
W� and the periodicity of the dispersion law the quasiparticle will oscillate with a frequency

5 We use in this section the notation e′ for an arbitrary electric charge; for an electron e′ = −e with e¿ 0.
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! = 2eE=Wp where Wp is the period of �(p) along the electric "eld. This period can be
evaluated as Wp ≈ 2�˝=a where a is the lattice period. Therefore, the quasiparticle oscillates
with a frequency of the order of ! ≈ eEa=˝. The same relation can be written in the form
˝! ≈ W’ where W’ is the potential drop over an interatomic distance. The quantity W’ has
to be small compared both to the atomic energies and to the quasiparticle energy band width
W�. The oscillation amplitude L is then the distance at which the potential variation equals the
energy band width (L ≈ W�=eE) and has to be much larger than the mean free path for the
validity of the quasiclassical approximation. In metals with W� ∼ 1 eV and E ≈ 10−6 V=cm,
a typical value of L is L ∼ 106 cm, while in dielectrics (for e.g. E ∼ 105 V=cm) it becomes
comparable with the sample sizes. There are also quasiparticles (e.g. defectons in quantum
crystals) with extremely narrow bands W� ∼ 10−4–10−8 eV.

Another approach to the concept of quasimomentum was introduced by Blount [30] and
Peierls [31,32] and discussed in more detail in a series works of other authors [33–37]. Peierls
stressed the following di:erence between momentum and quasimomentum. The momentum con-
servation law is a result of the invariance under an (in"nitesimal) displacement of the coordinate
origin (r → r + a), while the quasimomentum corresponds to an invariability of any physical
quantity f(r) under a translation r → r − a without moving the medium. In other words, the
ordinary momentum results from the homogeneity of space while the pseudomomentum stems
from the homogeneity of the medium. Although the invariance f(r−a)=f(r) takes place also
for a crystal lattice (when a is a lattice period) such a de"nition of quasimomentum di:ers from
that given by the Bloch theorem derived especially for periodic structures with �nite periods.
The properties of the quasimomentum in liquids and crystals di:er signi"cantly. Even if the
wavelength is much larger than the lattice constant (and, formally, the corresponding physi-
cal quantities can be considered as smooth functions of coordinates and quasimomentum) the
quasimomentum values are con"ned in Brillouin zones, and the energy spectrum keeps its band
structure (3.7). In his works Peierls avoids the solid-state terminology (quasimomentum, crystal
momentum, etc.) and prefers pseudomomentum in order to emphasize that “this concept has
nothing to do with crystals or with wave mechanics” [32]. The point of interest for our further
considerations here is the description of electromagnetic "eld characteristics in a medium and
in particular the form of the electromagnetic "eld momentum. In fact, this problem is related
to the old Minkowski–Abraham controversy. According to Minkowski [38], the electromagnetic
"eld momentum equals

G=
D× B
4�c

(3.20)

while Abraham suggests for the same quantity

g=
E× H
4�c

: (3.21)

These two quantities di:er by a factor j*= n2, where n is the refractive index. It is now taken
for granted [26,39–42] that g is the purely "eld part momentum because this is the quantity
that satis"es the symmetry conditions of the energy–momentum tensor in four-dimensional space
and is in agreement with the condition g= S=c2 where S is the energy Kux (Poynting vector).
Peierls’ considerations showed that in a uniform dielectric the pseudomomentum has the value
G claimed by Minkowski to be the momentum.
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The “G-conservation law” follows from the Maxwell’s equations

curlE= −1
c
9B
9t ; curlH=

4�
c
je +

1
c
9D
9t ; (3.22)

divD= 4�q; divB= 0 (3.23)

and has the form

Ġi + qEi +
1
c
(j× B)i =

9T̃ ik

9xk
; (3.24)

where

T̃ ik =
1
4�

{DiEk + BiHk − (E:D+ B:H)�ik} + W�ik : (3.25)

The "eld energy W is given by its de"nition [41]

dW = E dD +H dB (3.26)

and, hence,
9W
9xk

=
1
4�

{
E
9D
9xk

+H
9B
9xk

}
: (3.27)

The right hand side of Eq. (3.24) can also be written in the following way:

9T̃ ik

9xk
=
9Tik

9xk
+

9
9xi

(
W − E:D+ B:H

8�

)
; (3.28)

where

Tik =
1
4�

{
DiEk + BiHk − 1

2
(E:D+ B:H)�ik

}
(3.29)

is Minkowski’s stress tensor. In linear media the expression in the brackets in Eq. (3.28)
vanishes and one obtains (for q = 0 and j= 0) the “G-conservation law” in the form ascribed
to Minkowski:

Ġi =
9Tik

9xk
: (3.30)

This equation is obviously not a momentum conservation law at least because the “G-Kux
tensor” Tik is not symmetric, as it should be as a consequence of the angular momentum
conservation law in an isotropic free space [43]. Let us note here that the form of the tensor Tik
is independent of the presence of charges and currents and can be determined from Maxwell’s
equations with q = 0; j= 0. For constant "elds the right-hand side of Eq. (3.24) vanishes, and
the time derivative Ġ equals the Lorentz force (with the opposite sign). Taking into account
(3.17) one "nds (for q = e):

Ġ+ ṗ= 0 : (3.31)

It seems that this equation represents a quasimomentum conservation law, 6 but actually it
does not. This equation is inadequate to yield the conclusion that G is the quasimomentum

6 Similar arguments can be found e.g. in [33,35].
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because one can use for the same reason the Newton equation ˙̃p = FL instead of (3.17) and
conclude that G should be a momentum. The only conclusion one can make is that the time
derivative of G determines the force acting on a charged particle in a uniform medium. There are
attempts to generalize Eq. (3.24) and obtain on its basis the elasticity theory equations for elastic
media in electromagnetic "elds [33–35]. The authors of these works call the elasticity theory
equation the “quasimomentun conservation law”. However they do not make any di:erence
between quasimomentum and pseudomomentum and this carries risks of misunderstanding. An
additional problem is how to reconcile this quasimomentum conservation law in the presence
of electromagnetic "elds with the elasticity theory (and hydrodynamics) equations at zero "elds
which are known to represent momentum conservation.

Another point of view is suggested by Nelson et al. [36,37]. They renounced the requirement
of the symmetry of the stress-tensor and proposed a calculation of an asymmetric stress-tensor
for a model system [37]. Although the de"nitions of momentum and pseudomomentum coincide
with those proposed by Peierls, the "nal expressions are di:erent due to di:erent transforma-
tions used. Nelson [36] identi"ed the pseudomomentum with the quantity Gpsm = (1=c)P × B
with P for polarization and the "eld momentum with Gm = (1=4�c)E × B. He introduced for
G=(1=4�c)D×B a new concept—wave momentum. The wave momentum is, therefore, a sum
G=Gm +Gpsm of the "eld momentum and pseudomomentum. 7 The “"eld momentum” in this
consideration consists of the averaged microscopic "elds E and B, while the pseudomomen-
tum is a co-travelling part within the medium that takes into account the polarization. None of
these three “momenta” satis"es the relation g=S=c2 which follows from the symmetry require-
ments. We shall not enter in more detailed description of pseudomomentum–quasimomentum
terminology because all further considerations will be based on the concepts of momentum and
quasimomentum as de"ned in the quantum solid-state theory. As regards the electromagnetic
"eld momentum we shall keep within the generally accepted [26,41,42] theory which is in
agreement with the symmetry conditions and use the quantity g given by Eq. (3.21).

Finally, in this lengthy discussion, I would like to stress once again the reason why the time
derivatives of two di:erent quantities equal the force acting on the charge attached to a particle
(quasiparticle). This happens because the external "eld term V (r) in the SchrSodinger Eq. (3.2)
can be considered as a perturbation to the Hamiltonian H0 = p̂2=2m + U (with eigenfunctions
(3.6) and eigenvalues p) in the same way as in the case of a free particle with a Hamiltonian
H0 = p̃2=2m, eigenfunctions e(i=˝) p̃r, and eigenvalues p̃. Therefore, although momentum and
quasimomentum di:er in their origin, their variations in time in a uniform medium are equal.

Actually the situation is slightly more complicated, since the Hamiltonian may
be changed by a canonical transformation. It is necessary to decide which Hamil-
tonian to insert. This is not an empty question : : :

E.I. Blount [15]

4. Energy and Hamiltonian (linear approximation)

We considered in the preceding section the quasiparticle quasimomentum in an undeformed
lattice structure and the inKuence of (relatively weak) external "elds. Now we turn to the role

7 In SI units used in [36]: Gm = �0E× B, g= �0*0E×H and Gpsm = P× B.
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of another important e:ect—the lattice deformation. In fact, we have to deduce the equations of
motion of a quasiparticle in a deformed lattice. In this section we restrict ourselves to a linear
approximation and postpone considering the general case until the next section.

If the characteristic length of the deformation is much larger than the lattice constant, one
can consider the lattice in each small region (around the point r) as periodic with local periods
a�(r). Hence, one can introduce a local dispersion law �(k; r). Actually, the dispersion law
depends on coordinates via the deformation tensor components uik(r). If the deformations are
small one may decompose the dispersion law in powers of uik and keep linear terms only:

�(k; uil) = �0(k) + 2il(k)uil ; (4.1)

where the tensor components

2il(k) =
9�
9uil

∣∣∣∣
uil=0

; (4.2)

introduced by Akhiezer [8] are known as deformation potential constants (for more details see
Ref. [22] and the references cited there). For the linear approximation considered the tensor of
small deformations has to be used:

uik =
1
2

{
9ui

9xk
+
9uk

9ui

}
; (4.3)

when u is the deformation vector. The tensor 2ik is sometimes called the elastic charge or
phonon charge [17] of the electron, because this is the quantity which determines the force
acting on the electron in an elastic "eld. The properties of the deformation potential tensor were
discussed e.g. in Ref. [44] where the shift of the semiconductor energy bands is considered, as
well as in [45]. We shall not analyse here its structure and properties, because it will appear in
our theory only in a linear approximation.

The Hamilton function in a stationary case coincides with the energy (dispersion law). Hence,
the equations of motion have the form: 8

ṙ′ =
9�(k; uik(r′))

9k ; (4.4)

k̇= −9�(k; uik(r′))
9r′ : (4.5)

These equations are “good enough” for a number of problems related to quasiparticle–lattice
interactions. We postpone considering their applications and continue with the quasiparticle
mechanics.

Eqs. (4.4) and (4.5) are valid in a deformed but immobile lattice. This lattice frame is a
privileged one. The quasimomentum k and the Hamiltonian H ′(k; r′; t) = �(k; uik) are de"ned
only in this system and there are no known transformations (like Galilean transformations) to
any other one. On the other hand, in the most interesting nonstationary case the local frame
attached to the “point” r′ moves noninertially with respect to the laboratory frame and hence the

8 From here on we use k and r′ for quasimomentum and coordinates in the lattice frame while p and r correspond
to the laboratory frame.
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Hamilton function does not coincide with the energy. Therefore, if we like to have quasiparticle
equations of motion (in L-system) in a Hamiltonian form

ṙ=
9H (p; r; t)

9p ; (4.6)

ṗ= −9H (p; r; t)
9r ; (4.7)

we have to express unknown quantities H (p; r; t) and p in terms of known �(k; uik(r′)) and
k. The only known transformation is r= r′ + u(r′; t). This problem is very important, because
all fundamental physical equations (variational principles, conservation laws, kinetic equations,
etc.) are reasonable in the L-system. In addition, one has to keep in mind that even if the
characteristics of a quasiparticle do not obey Galilean transformations, their mean values (energy
density, mass Kux, etc.) are macroscopic quantities and have to obey the Galilean principle of
relativity.

Eqs. (4.4) and (4.5) are obviously inadequate for accounting for inertial e:ects (like e.g. the
Stewart–Tolman e:ect in metals, centrifugal forces in rotating bodies, etc.) because they are
deduced for an immobile frame.

All previous attempts to deduce the equations of motion for a quasiparticle in the L-system
can be divided into two groups corresponding to the twofold role of the dispersion law. In the
co-moving frame, it coincides with both the energy and the Hamiltonian. Therefore, transfor-
mations typical of the energy and the Hamilton function have been proved.

When considering �(k; uik) as Hamiltonian a transformation by a generating function of the
form

3̃(r′; p; t) = (r′ + u(r′; t))p ; (4.8)

has been used (cf. e.g. [21,22]). The Hamiltonian H̃ (p; r; t) is then obtained in the form

H̃ (p; r; t) = �(k; r′) + u̇p ; (4.9)

where the relation between k and p is

k= p+
9
9r′ (up) : (4.10)

However, 3̃ does not depend on the bare mass, m, of the quasiparticle and, therefore, does not
take into account any inertial e:ects. 9

If �(k; uik) is considered as the quasiparticle energy, then the Galilean transformation applies
as a consequence of the requirement that the same transformation has to be satis"ed by the
energy density (as a macroscopic quantity). If

E0 =
∫

�(k; r′)f(k; r′; t) d3k ; (4.11)

(where f(k; r′; t) is the quasiparticle distribution function) is the energy density in the lattice
frame, then the energy transformation law reads:

E = E0 + j′0:u̇+ 1
2M u̇2 ; (4.12)

9 A generating function which contains the bare mass of the quasiparticle was constructed by this author in
Ref. [46].
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where u̇ is the velocity of the co-moving frame,

M = m
∫

f(k; r′; t) d3k (4.13)

is the quasiparticle mass density and

j′0 =
∫

m
9�
9kf(k; r′; t) d3k (4.14)

is the quasiparticle momentum density in the co-moving frame (the quasiparticle mass Kux in
the system where u̇= 0).

Substituting (4.13), (4.11) and (4.14) with the dispersion law from (4.1) into (4.12), yields
the quasiparticle energy Ẽ in the L-system

Ẽ = �0(k) + 2il(k)uil + mu̇
9�0
9k : (4.15)

This expression cannot serve as a Hamiltonian in the L-system. It has been shown by many
authors (cf. e.g. [22]) that such an attempt is incompatible with the Boltzmann equation. The
reason is that the energy of a nonstationary system does not coincide with the Hamiltonian. As
the two ways mentioned did not give a result, some more or less arti"cial methods were used.
Landau (cf. the footnote in Ref. [22]) suggested to take into account the noninertial properties
of the co-moving system by adding to the dispersion law the term −mu̇ 9�0=9k, i.e. "rst to
replace �(k; r) by

�̃(k; uik) = �0(k) + 2ik(k)uik −mu̇
9�0
9k (4.16)

and then to apply the transformation by the generating function (4.8). The result is

H̃ (p; r; t) = �0(p) +
{
2ik(p) + pi

9�0
9pk

}
uik +

{
p−m

9�0
9p

}
u̇ ; (4.17)

where for (4.10):

�0(k) = �0

(
p− 9

9r′ (p:u)
)

≈ �0(p) + pi
9�0
9pk

9ui

9x′k
: (4.18)

For a free electron, the quasimomentum has to be replaced by the linear momentum p0 =
mv = m(9�0=9p) and the last term in (4.17) vanishes. The terms containing time derivatives in
(4.17) are small compared to those containing space derivatives in the ratio s=vF (where s is
the sound velocity) and for many problems can be neglected. However, they are responsible
for inertial e:ects and are of fundamental interest for the selfconsistency of the theory. Formula
(4.17) is correct in the sense that it contains the correct linear terms in the decomposition with
respect to deformations and lattice velocity. We shall show later on that it follows in a linear
approximation from the more general expression of the theory presented here. However, its
derivation is quite arti"cial and cannot be well grounded due to its internal inconsistency (see
Appendix A). Indeed, the physical meaning of the expression (4.16) is not clear. Let us consider
a lattice moving with a constant velocity u̇=const. In such a system the energy coincides with
the Hamiltonian. But �̃ cannot be considered as the energy in the lattice frame because the energy
in an inertial frame does not depend on the constant velocity of the same frame. �̃ cannot be
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a Hamiltonian, because the Hamiltonian coincides with the dispersion law. Otherwise, one should
add to the right hand side of the Hamilton equation (4.4) a term −mu̇i(9=9ki)9�0=9k ∼ (m=m∗)u̇
with m∗ for the electron e:ective mass. This is incompatible with the basic statement that the
velocity of the quasiparticle equals the derivative of the dispersion law with respect to the
quasimomentum.

The same confusion appears with the mean energy values. Kontorovich [22] proposed a pro-
cedure to "nd a relation between the average of the Hamiltonian and the average electron energy
(given by Eq. (3.8) in [22]). However, he used for the energy spectrum of the quasiparticle
Eq. (4.16), not the dispersion law (see Appendix A). Hence, a re-derivation of some of the
basic relations of the theory seems reasonable.

This is the point to make contact with one of our earlier works on this subject [46] where we
introduced the following generating function that depends on the bare mass of the quasiparticle:

3(p; r′; t) = (p−mu̇)r′ + (p− 1
2mu̇)u̇t : (4.19)

We obtained by this function the following relations:

r= r′ + u̇t; k= p−mu̇ ; (4.20)

H (p; r; t) = �(p−mu̇; r− u̇t; t) + pu̇ − 1
2mu̇2 : (4.21)

These equations replace the (invalid) Galilean transformations. They can be called generalized
Galilean transformations (see also Eqs. (7.6)–(7.9)), because they coincide with them when the
quasimomentum is replaced by the linear momentum. The form of the transformations (4.20)
and (4.21) shows a further analogy between the momentum and quasimomentum (including
their transformation properties). In a linear approximation, relations (4.20) and (4.21) yield
Hamiltonian of the form (4.17) with the di:erence that the quasimomentum p is determined by
another generating function (and obeys di:erent transformation relations).

It could be remarked that the generating function (4.19) has also been deduced in a way
that does not follow from a basic principle. In Section 7 we obtain the same transformations
using more consistent considerations based on the transformation properties of the phase of the
electron wave function.

5. Notation

An important point when considering the Hamilton equations is the appropriate choice of
canonical variables. This choice cannot be arbitrary. As we already discussed in Section 3 the
coordinates r and the quasimomentum k may be considered as canonicaly conjugate inasmuch as
the operator #̂ (3.9) can be neglected. In fact, the actual canonical variables are the coordinates
and the linear momentum. It seems reasonable that a conjugate variable to the quasimomentum
be a kind of discrete coordinate. We introduce it [46,47] as the number of steps N� from the
origin of the reference frame to a given point if each step equals a primitive lattice vector a� (�=
1; 2; 3). Such a concept should work well in the frame of the local lattice approach, because
the quasiparticle dispersion law (and, therefore, all quasiparticle dynamical characteristics) is
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established in a region of several interatomic distances while the characteristic length of the
elastic deformations is always much larger. Then, the di:erential coordinates dr, which are
physically in"nitesimal (i.e. large compared to the lattice constants but small compared to any
macroscopic distance of interest), can be written in the form [46–50]

dr= a� dN� + u̇ dt (5.1)

(see Appendix B).
Let us introduce the reciprocal lattice vectors a�. They satisfy the relations

a�a� = ��
�; a�ia�

k = �ik : (5.2)

Multiplying Eq. (5.1) by a� yields

dN� = a� dr− a�u̇ dt : (5.3)

It is seen from the above equations that

a� = ∇N�; a� =
9r
9N� ; u̇= −a�Ṅ �

: (5.4)

The time-evolution equations for the vectors a� and a� can be deduced from plain geometrical
considerations (Appendix B) and written as follows [46]:

ȧ� + (u̇∇)a� − (a�∇)u̇= 0 ; (5.5)

ȧ� + ∇(a�u̇) = 0 : (5.6)

In the notation used the metrical tensors in the real and reciprocal space are, respectively,

g�� = a�a�; g�� = a�a� : (5.7)

Then the lattice cell volume equals g1=2, where g = det g��.
The relations between the components of the metrical tensors and the deformation tensor uik

follow from the expression for the interval:

ds2 = g�� dN� dN� : (5.8)

The squared interval between the same points in the undeformed crystal is

ds20 =
◦
g�� dN� dN� :

(Symbols with circles correspond to the undeformed lattice.) Hence

ds2 − ds20 = 2w�� dN� dN� ; (5.9)

where

w�� = 1
2(g�� −

◦
g��) (5.10)

plays the role of the deformation tensor in our notation. The invariance of the interval yields

w�� dN� dN� = wik dxi dxk : (5.11)

Taking into account relations (5.2) and (5.4) one obtains

wik = w��a�
i a

�
k : (5.12)
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In order to obtain the components uik of the tensor of small deformations (4.3) as well as to
"nd the relation between the deformation vector u = r − r0 and the discrete coordinates N�

introduced, let us note that the quantities 9ui=9xk obviously coincide with the matrix elements
�ik which describe the coordinate transformations

xi =
◦
ci +�ik

◦
xk ; (5.13)

where
◦
ci are the coordinates of the frame origin. Consequently, the lattice vector transformations

are

a�i = �ik
◦
a�k : (5.14)

If the deformations are small, then,

a� =
◦
a� +�a�; a� =

◦
a� + �a� : (5.15)

Multiplying these two equations and taking into account relations (5.13) and (5.2) yields in
a linear approximation with respect to �a�

�a7i = −(
◦
a�i �a

�
k )

◦
a7k =�ik

◦
a7k : (5.16)

On the other hand the change of the discrete coordinates owing to the deformation can be
written in the form

N� = N�
0 − w� ; (5.17)

where w� is the deviation from the value N�
0 in the ideal undeformed lattice. Taking into account

(5.4) one obtains

a� = ∇N� =
◦
a� −∇w� (5.18)

and hence,

�a�
i = −9w

�

9xi
: (5.19)

It follows from (5.16) and (5.19) that

9ui

9xk
= �ik =

◦
a�i
9w�

9xk
=
9 ◦
a�i w�

9xk
(5.20)

and therefore the deformation vector u and the deformation tensor uik in this linear case are
related to their discrete coordinate analogues w� and

◦
w�� =

1
2

(
9w�

9N� +
9w�

9N�

)
in the following way:

u=
◦
a� w�; uik =

◦
w��

◦
a�
i
◦
a�
k ; (5.21)

where w� =
◦
g�� w� are the covariant components of w.

In the same way one can obtain the full deformation tensor components [48]:

w�� =
1
2

(
◦
a�

9u
9N� +

◦
a�

9u
9N� +

9u
9N�

9u
9N�

)
: (5.22)
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Let us also write a formula useful when taking derivatives with respect to the metrical tensor
g�� and with respect to the deformation tensor wik . It follows from the relation

g�� = gika�
i a

�
k (5.23)

that

w�� = wika�
i a

�
k (5.24)

and hence
9
9gik

= a�
i a

�
k
9
9g�� ;

9
9wik

= a�
i a

�
k
9

9w�� = 2a�
i a

�
k
9
9g�� : (5.25)

6. Nonlinear theory of elasticity

We apply in this section the new notation to the theory of elasticity. The mass density 80
can obviously be written as

80 = M=
√
g ; (6.1)

where M is the mass of the atoms in a lattice cell, and g=det|g��| is the squared volume of the
cell. The continuity equation can be obtained taking the derivative of the density with respect
to time. Making use of the identity

dg = −gg�� dg�� (6.2)

and replacing the time derivatives of the lattice vectors by means of Eqs. (5.5)–(5.6), yield

8̇0 + div j= 0 ; (6.3)

where the mass current is de"ned as usual by the relation j= 80u̇.
The Kux of energy Q and the momentum Kux tensor 9̃ik can be derived following the

standard procedure. The continuity equation (6.3), the momentum conservation law

9ji
9t +

99̃ik

9xk
= 0 ; (6.4)

and the law of increase of entropy

Ṡ + div (Su̇+ q=T ) = R=T (6.5)

(where R is the dissipative function), have to be consistent with the redundant energy conser-
vation law

Ė + divQ= 0 : (6.6)

The energy E in the L-system is a sum of the kinetic energy and the internal energy E0
assumed to be a function of the metrical tensor components g�� and entropy S. Then its time
derivative is

Ė =
9
9t

(
80u̇2

2

)
+ T Ṡ − 1

2
���ġ �� ; (6.7)



D.I. Pushkarov / Physics Reports 354 (2001) 411–467 431

where

��� = −2
(
9E0

9g��

)
S

: (6.8)

The time derivatives of 80, u̇, and entropy in (6.7) can be replaced by spatial derivatives
according to (6.3)–(6.5). The last term is transformed in the following way. One "nds from
Eq. (6.2) that

1
2
���ġ �� = −���ai

{
u̇ k
9ai

9xk
+ ak

9u̇ k

9xi

}
: (6.9)

On the other hand

∇kE0 = −���a�∇ka� + T∇kS (6.10)

and, hence,

u̇ k∇kE0 = −���a
�
i u̇ k

9ai

9xk
+ T u̇ k∇kS : (6.11)

Eqs. (6.9) and (6.11) yield
1
2
���ġ �� = u̇ k∇kE0 − T u̇ k∇kS − ���aiak

9u̇ k

9xi
: (6.12)

Then, the time derivative of the internal energy takes the form

Ė0 = T (Ṡ + div (Su̇)) − div (E0u̇) + (��� + Fg��)a�(a�∇)u̇ ; (6.13)

where F =E−TS =−P is the Helmholtz free energy per unit volume, equal (to within a sign)
by virtue of the Duhem–Gibs relation to the pressure P. Finally, the time derivative of the
energy (6.7) can be written as follows:

Ė + ∇k

{
1
2
80u̇2u̇ k + u̇ i[9̃ik − 80u̇ iu̇ k + E0�ik] + qk

}

=R + q
∇T
T

+ {9̃ik − 80u̇ iu̇ k + F�ik + ���a�
i a

�
k}
9u̇ i

9xk
: (6.14)

This equation has to coincide with the energy conservation law (6.6). This means that its
right-hand side should be equal to zero, i.e. the dissipative function is given by

R = −q∇T
T

− �ik
9u̇ i

9xk
; (6.15)

where �ik is introduced by the relation

9̃ik = 80u̇ iu̇ k − (��� + Fg��)a�
i a

�
k + �ik : (6.16)

This is the relation that determines the elastic moduli of the lattice. The corresponding
equation of motion is obtained by substituting j=80u̇ and 9ik into the momentum conservation
law (6.4):

9
9t (80u̇ i) = −99̃ik

9xk
: (6.17)
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The term 80u̇ iu̇ k appears due to the transformation from the comoving to the laboratory
frame and vanishes in the linear theory. The term �ik = (��� + Fg��)a�

i a
�
k + �ik corresponds to

the stress tensor of the linear theory of elasticity and coincides with it for small deformations.
The energy Kux density Q is determined by the expression in the brackets next to the

∇-operator on the left-hand side of (6.14):

Q= 1
280u̇2u̇+ a�(a�u̇)��� + T Ṡu̇+ q : (6.18)

The momentum Kux tensor 9̃ik is symmetric as a consequence of the conservation of angular
momentum in free space. It follows then from (6.16) that �ik is also symmetric. Therefore, the
dissipation function R depends only on the symmetric part of 9u̇ i=9xk , i.e. on

u̇ ik =
1
2

{
9u̇ i

9xk
+
9u̇ k

9xi

}
: (6.19)

Due to the Onsager symmetry principle, the dissipative function has to be of the form

R = >ik
9T
9xi

9T
9xk

+ ?iklmu̇ ik u̇ lm : (6.20)

We shall not concern ourselves with studying its properties.

7. Dynamical equations for quasiparticles

The starting point in deducing the equations of motions for a quasiparticle is that in the
comoving (inertial) lattice frame the dispersion law coincides with both the Hamiltonian and
the energy. We may consider the dispersion law �(k; g��(r′)) as a function of the quasimo-
mentum k in the C system and of the metrical tensor g�� (instead of the deformation tensor
uik due to reasons explained in the preceding section). In this notation the quasimomentum k
corresponds to the local periodicity of the lattice (the Brillouin zone depends on the coordi-
nates r′). According to the general theory of Hamilton mechanics [51], the Hamiltonian and the
generalized momentum can be obtained as derivatives of the action S(q; t) with respect to the
time t and the generalized coordinates q. Before going on and writing Hamilton equations to
generalize Eqs. (4.4) and (4.5) we have to verify whether the variables k and r′ are canonically
conjugate. Instead, we introduce new canonical variables assuming that the action S0(N; t) in
the lattice frame is a function of the discrete coordinates N and the time and then consider
their relations to k and r′. The conjugate generalized momentum is by de"nition

>� =
(
9S0(N; t)
9N�

)
t

(7.1)

and the Hamiltonian

�(�; g��; t) = −
(
9S0

9t

)
N

: (7.2)

We call � the invariant quasimomentum, because all physical quantities, written as functions
of �, are periodic with a constant period 2� (not 2�a�). The Hamiltonian �(�; g��; t) is but the
dispersion law as a function of the invariant quasimomentum.
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We now have to determine a Hamiltonian H (p; r; t) as a function of the coordinates r and
quasimomentum p in the L-system in such a way that it leads to the canonical equations

ṙ=
9H
9p ; ṗ= −9H9r : (7.3)

Our procedure is based on the assumption that the quantities a� and u̇ vary slowly in space and
time, and we are expanding in derivatives of these quantities. In the expressions for H (p; r; t)
and the quasiparticle energy E it is then suQcient to retain only terms of lower order. In this
approximation, H and E are the same as their values in a lattice with constant, but otherwise
arbitrary, vectors a� and u̇, i.e. in a crystal which is uniformly deformed (periodic) and in
uniform motion. (A similar situation appears in hydrodynamics, for example, as well as in
relativistic mechanics when going into a momentary inertial frame). 10

Let us consider a real electron that belongs to a de"nite energy band and is performing a
quasiclassical motion. Its wave function in the new variables has the form

 (N; t) ∼ exp
{

i
˝S0(N; t)

}
; (7.4)

where S0(N; t) is the classical action. The transformation law for the action follows from the
transformation properties of the phase of the wave function under Galilean transformations [52]

S = S0 + mu̇r− mu̇ 2

2
t ; (7.5)

and contains only the relative velocity and the mass m of a free particle.
The Hamiltonian and the quasimomentum in the Laboratory frame can now be obtained by

taking derivatives with respect to r and t [47]:

p=
(
9S
9r

)
t
= a�k� + mu̇ ; (7.6)

H (p; r; t) = −
(
9S
9t

)
r
= � + pu̇ − mu̇ 2

2
; (7.7)

where �=�(a�(p−mu̇); g��) is the dispersion law (7.2) in which the components of the invariant
quasimomentum are replaced according to the relation

k� = a�(p−mu̇) = ka� (7.8)

obtained from (7.6). �(a�(p−mu̇); g��) is a periodic function of p with periods 2�˝a� determined
by the reciprocal lattice vectors corresponding to the deformed local lattice. This is the reason to
call p the quasimomentum of the quasiparticle in the L-system. Let us note that the dispersion
law is ‘originally’ dependent on the invariant quasimomentum �, not on the quasimomentum k.

It is seen from Eq. (7.8) that the invariant quasimomentum components are equal to the
scalar product of the usual quasimomentum k in the C-system and the primitive vectors of the
locally deformed lattice.

10 In fact, the analogy is deeper. The Galilean and Lorentz transformations are originally valid for a constant relative
velocity, but are used without any restrictions for noninertial frames and for describing inertial forces. Newtonian
mechanics uses only the "rst gradients of potentials independently of their form. Maxwell’s equations contain only
"rst derivatives of "elds, etc.
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The energy E of a quasiparticle in the L-system obeys the Galilean law:

E =
mu̇ 2

2
+ mu̇

9�
9p + � =

mu̇ 2

2
+ p0u̇+ � ; (7.9)

where p0 = m(9�=9p) is the average momentum (the mass Kow) in the C-system.
The energy E is a periodic function of p as it should be. The Hamilton function (7.7)

H (p; r; t) = �(a�(p−mu̇); g��) + pu̇ − mu̇ 2

2
(7.10)

is obviously not periodic, and this is permissible because it is not a physical quantity but a
mathematical function (even not unique) which has to produce correct equations of motion. We
show in the next section that this nonperiodic function is compatible with the kinetic equation
and with the periodicity of the partition function.

Eqs. (7.6)–(7.10) represent the generalized Galilean transformations [47–49]. They are valid
for quasiparticles with arbitrary dispersion relations in the most general case of lattice structures
subjected to time-varying deformations. The di:erence as compared with transformations (4.20)
and (4.21) is that the dispersion law in (4.20) and (4.21) depends on k as on an independent
variable while in (7.6)–(7.9) the independent variables are the products k:a� = >�.

Hamiltonian (7.7) can be linearized by means of the formulae (5.17)–(5.21) obtained in
Section 5. This yields in a linear approximation with respect to deformation velocity

H = �(a�p; g��) +
(
p−m

9�
9p

)
u̇ : (7.11)

8. Boltzmann equation

The Boltzmann equation for the quasiparticle distribution function f(p; r; t) in the L system
can be derived from the condition that the total derivative of the function be equal to its change
due to collisions

9f
9t +

9f
9r ṙ+

9f
9p ṗ= Îf ; (8.1)

where Î is the collision operator. The derivatives ṙ and ṗ are replaced using the Hamilton
equations. This gives

9f
9t +

9f
9r
9H
9p − 9f

9p

(
9H
9r − F

)
= Îf : (8.2)

For real particle gases the left-hand side of this equation is well de"ned, and the main attention
is paid to the collision term. We shall deal now with the left-hand side, because this part depends
on the quasiparticle Hamiltonian and Hamilton equations discussed in the preceding sections.
In most previous works the quasiparticle Hamiltonian has been replaced by the dispersion law,
or by its linearized version (4.17). As a result, the solutions obtained were valid only near the
centre of the Brillouin zone, and the distribution functions were not periodic in k-space. There
are many problems in which the behaviour of the distribution function near the Brillouin zone
boundaries is essential. These are metals with open Fermi surfaces, systems far from equilibrium,
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etc. The decomposition of the Hamiltonian and the energy in powers of small deformations
creates nonperiodic terms (e.g. the second term in (4.17) appeared from the decomposition
of the energy) which violate the natural periodicity. The situation becomes more complicated
because these arti"cial nonperiodic terms interfere with the correct nonperiodic terms of the
(“exact”) Hamiltonian (7.10).

We have now to show that the solution of the Boltzmann equation (8.2) with the Hamiltonian
(7.10) is a periodic function,

f(p+ 2�˝a�(r; t); r; t) = f(p; r; t) ; (8.3)

although it contains aperiodic terms (9f=9p 9H=9r) stemming from H . One can check the com-
patibility of the kinetic equation with the periodicity condition (8.3) by a direct substitution of
the Hamiltonian (7.10) into (8.2). Then all additional terms cancel each other for the evolution
equation (5.6) and one sees that f(p+ 2�˝a�(r; t); r; t) satis"es the same equation as f(p; r; t).
Instead, we shall show that nonperiodic terms do not appear if the variable p is replaced by
the invariant quasimomentum �. The Hamiltonian in this notation has the form

H = �(�; g��) + >�a�u̇+ 1
2mu̇

2 : (8.4)

The transformation to the new variables can be done using the following relations, obtained
by means of the evolution equations (5.5) and (5.6):

>̇� = a�(>�∇(a�u̇) −m Su) ; (8.5)

9f
9p = a�

9f
9>�

; (8.6)

9H
9p = a�

9H
9>�

= a�
9�
9>�

+ u̇ ; (8.7)

(
9
9r

)
p
=
(
9
9r

)
�

+ (>�a�∇a�k −ma�k∇u̇ k)
9
9>�

; (8.8)

(
9
9t

)
p
=
(
9
9t

)
�

+ (>�a�∇(a�u̇) −ma� Su)
9
9>�

: (8.9)

As a result, the kinetic equation for the distribution function f(�; r; t) takes the form

df
dt

+ a�
9�
9>�

(
9f
9r

)
�
− a� 9f9>�

{
m

du̇
dt

+
(
9�
9r

)
�
−m

9�
9>�

a� × curl u̇ − F
}

= Îf ; (8.10)

where d=dt = 9=9t + (u̇∇) and all quantities are di:erentiated with respect to the coordinates
and the time at constant �.

Let us now write for reference a slightly modi"ed form of the same equation, which can be
obtained by the use of the identity

m
du̇
dt

= m Su+ m(u̇∇)u̇= m Su+ ∇mu̇2

2
−mu̇ × curl u̇ :



436 D.I. Pushkarov / Physics Reports 354 (2001) 411–467

This gives

9f
9t +

(
u̇+ a�

9�
9>�

)
(BBBf)�

− a� 9f9>�

{
(BBB(� + mu̇2=2))� −m

(
u̇+ a�

9�
9>�

)
× curl u̇+ m Su − F

}
= Îf ; (8.11)

where the derivatives with respect to r are taken at constant �. The quantity Ṽ= u̇+a�(9�=9>�)
is the velocity of the quasiparticle in the laboratory frame.

The term m du̇=dt takes into account noninertial properties of the local frame. This is the term
that is responsible for the Stewart–Tolman e:ect in metals. It appears here in a quite natural
way, in contrast to previous theories where it was introduced by somewhat arti"cial methods
or was postulated.

The term

m
9�
9>�

a� × curl u̇ (8.12)

is of an essentially new type and cannot be obtained in linear theories. It is proportional to the
bare mass m and, hence, is also responsible for noninertial e:ects. In fact, a�(9�=9>�) is the
quasiparticle velocity with respect to the lattice. If the body rotates with a constant velocity �,
then curl u̇= 2� and expression (8.12) represents the Coriolis force.

Eq. (8.10) does not contain any nonperiodic terms. It follows from the form of the Hamil-
tonian (7.10) that the velocity 9H=9p is a periodic function. Hence, external forces F which
depend on the velocity and its derivatives are permissible. A force of this kind is the Lorentz
force. In our notation it has the form

FL = −eE− e
c
9H
9p × B− = − eE− e

c
9�
9>�

a� × B− e
c
u̇ × B (8.13)

(the electron charge is taken equal to −e; e¿ 0). Substituting FL into (8.11) yields

9f
9t + Ṽ(BBBf)� − a� 9f9>�

{
(BBB(� + mu̇2=2))� +

e
c
Ṽ × B̃+ eE+ m Su

}
= Îf : (8.14)

One sees that the magnetic "eld enters the transport equation only in the combination

B̃= B− mc
e

curl u̇ : (8.15)

An essential part of any theoretical work in quasiparticle kinetics is the integration of diverse
physical quantities over the Brillouin zone, transforming such integrals by parts, as well as
di:erentiating with respect to coordinates and the time. However, in a nonstationary case the
boundaries of the Brillouin zone are moving under the time-varying deformations and become
dependent not only on the deformation at a given instant but also on the velocity of the lattice.
As a result, the integration over the Brillouin zone does not commute with the di:erentiation
with respect to r and t. This noncommutativity manifests itself in some Kuxes through the zone
boundaries. This e:ect is important for nonequilibrium systems, open Fermi surfaces, as well
as for other cases when the distribution function or its derivatives do not vanish on the zone
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boundaries. These kinds of diQculties can be avoided by introducing a renormalized distribution
function

’(�; r; t) = f=
√
g : (8.16)

The Boltzmann kinetic equation for ’(�; r; t) has the form

’̇ + div
{(

u̇+ a�
9�
9>�

)
’
}
− a� 9

9>�
’

{
∇
(
� +

mu̇2

2

)

−m
(
u̇+

9�
9>�

a�

)
× curl u̇+ m Su − F

}
= Î’ : (8.17)

It is worth noting that the sum � + mu̇ 2=2 in (8.17) and (8.11) is not the quasiparticle energy
E (7.9) in the L-system. For Eqs. (7.6)–(7.9) one has

� +
mu̇ 2

2
= E− p0u̇= H − ku̇ :

The di:erentiation in (8.17) with respect to t and r is carried out at constant � and hence
commutes with

∫
d3> : : : .

Finishing the explanation of the derivation of the Boltzmann equation, it is important to stress
that the results obtained by the notation used can easily be rewritten in the previously adopted
variables by the following substitutions:

a�
9
9>�

↔ 9
9k ↔ 9

9p ; (8.18)

〈f : : :〉 ≡
∫

d3p
(2�˝)3f(p; r; t) · · · = 1√

g

∫
d3>

(2�˝)3f(p; r; t) : : :

=
∫

d3>
(2�˝)3’(�; r; t) · · · ≡ 〈〈’ : : :〉〉 ; (8.19)∫

d3r : : : =
∫

d3N�g1=2 : : : : (8.20)

These equations de"ne also the meaning of the brackets 〈f : : :〉 and 〈〈’ : : :〉〉 as integrals over
the Brillouin zone using di:erent variables.

An important conclusion that follows from the analysis of the above expressions and consid-
erations is that correct results for the integrals over the Brillouin zone can be obtained directly
from the Boltzmann equation in the form (8.2) with the Hamiltonian (7.10) if all @uxes through
the Brillouin zone boundaries appearing when integrating by parts formally equal zero in spite
of the nonperiodic form of the integrand.

An instructive example (calculation of the time derivative of the quasiparticle energy density
〈�f〉) is considered in Appendix C. Note, that due to the noncommutativity discussed above

9
9t 〈�f〉 �= 〈�̇f〉 + 〈�ḟ〉 : (8.21)

However, for 〈�f〉 = 〈〈�’〉〉 one has
9
9t 〈�f〉 = 〈〈�̇’〉〉 + 〈〈�’̇〉〉 : (8.22)
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It is helpful to have the linearized version of the kinetic equation and to compare it with that
used in many problems of the theory of metals (cf. e.g. [21,22,53,54]). Substituting, as usual,

f(�; r; t) = f0 +
9f0

9� B ; (8.23)

where f0((� − *)=T ) is the equilibrium distribution function, into kinetic equation (8.10) or
(8.11) gives the following equation for B:

d
dt

(B + �� + �* − (�0 − *0)�)

− 9�
9>�

a�

{
∇
(
* +

mu̇2

2

)
−∇B + (�0 − *0)∇�

+m Su − F−m
(
u̇+

9�
9>�

a�

)
× curl u̇

}

− 9B
9>�

a�

{
∇
(
� +

mu̇2

2

)
+ m Su − F

−m
(
u̇+

9�
9>�

a�

)
× curl u̇

}
= Î B (8.24)

where C=�T=T and �� and �* are the deviations of the dispersion law and the chemical potential
from their equilibrium values.

We have not assumed deformations and velocities to be small in this equation. If they are
small, then

�� = �(a�(p−mu̇); g��) − �0 = −mu̇
9�
9p +

(
2ik(p) + pi

9�
9pk

)
9u̇ k

9xi
(8.25)

and the lineralized equation has the form
9B
9t + v∇B − Î B = −��̇ + �*̇ + (�0 − *0)Ċ + v{∇* + (�0 − *0)∇C + m Su − F} ; (8.26)

where v = 9�0=9p. At constant temperature, this equation coincides with that used in previous
works.

9. Conservation laws and dynamics equations

In this section we derive the full set of selfconsistent nonlinear equations to describe the
dynamics of a crystalline body containing quasiparticle excitations and subjected to time-varying
deformations. In order to avoid cumbersome expressions we shall make our consideration in
three steps. First we introduce the conservation laws and consider the problem in a general
form without taking explicitly into account Maxwell’s equations and electromagnetic forces. We
deduce the dynamics equations for uncharged quasiparticles and discuss their role in determining
the moduli of elasticity of the lattice. Next, we deduce the equations for electrons in metals
having in mind their speci"c features as well as important applications. Then we consider
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Maxwell’s equations and constitutive relations for moving media, and obtain the equations of
the uni"ed theory for the most general case.

9.1. Uncharged quasiparticles

We start with the conservation laws.
The continuity equation for quasiparticles is

mṅ + div j0 = 0 ; (9.1)

where

n = 〈〈’〉〉 = 〈f〉; j0 = m
〈
9H
9p f

〉
= m

〈
9�
9pf

〉
+ mnu̇: (9.2)

This equation follows directly from the Boltzmann equation [46].
The total mass current is

J0 = 8u̇+ j′0 ; (9.3)

where

j′0 = m
〈
9�
9pf

〉
(9.4)

is the quasiparticle mass current (momentum density) with respect to the lattice and 8=80 +mn
is the full mass density written as a sum of the lattice mass density 80 and the quasiparticle
mass density.

The quantities 8 and J0 satisfy the mass continuity equation
8̇ + div J0 = 0 : (9.5)

The total momentum J is a sum of J0 and the "eld momentum g :
J= J0 + g : (9.6)

Note, that in this case the total momentum does not coincide with the mass @ow!
Our aim is to determine momentum and energy Kuxes 9ik and Q in such a way as to satisfy

the continuity equation (9.5), the momentum conservation law
J̇ i + ∇k9ik = 0 (9.7)

and the energy conservation law
Ė + divQ= 0 : (9.8)

The energy in the L-system is given by the expression
E = 1

280u̇2 + E0(g��) + 〈〈E’〉〉 + W ; (9.9)

where E0(g��) is the strain energy in the C-system, and W is the "eld energy.
The time derivative of the energy (9.9) is then

Ė = 8u̇ Su+
1
2
8̇u̇ 2 +

9
9t 〈〈�’〉〉 + m Sua�

〈〈
’
9�
9k�

〉〉
+ Ė0

+mu̇ȧ�

〈〈
’
9�
9k�

〉〉
+ mu̇a�

〈〈
’
9�̇
9k�

〉〉
+ mu̇a�

〈〈
’̇
9�
9k�

〉〉
+ Ẇ : (9.10)
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The time derivative of the elastic energy E0(g��) can be taken in the same way used when
obtaining the derivative of the internal energy (6.13) in Section 6. One obtains

Ė0 = ���a�
i a

�
k
9u̇ i

9xk
− u̇∇E0 : (9.11)

The time derivative of the total momentum (9.6) gives

0 = −J̇+ 8̇u̇+ 8 Su+ mȧ�

〈〈
9�
9k�

’
〉〉

+ ma�

〈〈
9�
9k�

’̇
〉〉

+ ma�

〈〈
9�̇
9k�

’
〉〉

+ ġ : (9.12)

Multiplying (9.12) by −u̇ and adding the result to the right hand side of (9.10) yields

Ė = u̇J̇ − 1
2
8̇u̇2 + ���a�

i a
�
k
9u̇ i

9xk
+ m Sua�

〈〈
’
9�
9k�

〉〉
− u̇∇E0 + Ẇ − u̇ġ+

9
9t 〈〈�’〉〉 : (9.13)

The last term is considered in Appendix C and equals
9
9t 〈�f〉= 〈〈�Î’〉〉 − div

(
u̇〈〈�’〉〉 + a��

〈〈
�
9�
9k�

’
〉〉)

+ a�

〈〈
F
9�
9k�

’
〉〉

−m Sua�

〈〈
9�
9k�

’
〉〉

− 9ui

9xk

{
mu̇ka�i

〈〈
9�
9k�

’
〉〉

+ a�
i a

�
k 〈〈2��’〉〉

}
: (9.14)

This is perhaps the right place to see the role of the noninertial term mu̇(9�=9p) discussed in
Section 4 (cf. Eqs. (4.16) and (7.11)). Eq. (9.13) contains a “problematic” term with Su. The
second derivative with respect to time cannot be replaced by any space derivative using relations
(9.5)–(9.8). This term appeared from the Galilean transformations for the macroscopic quantities
(energy density, momentum density, etc.). If it remains, the time derivative of the energy could
not be presented in the form (9.8) (see also Eq. (9:15 below). Expression (9.14) was obtained
from the kinetic equation. It contains the same term with Su but with an opposite sign and cancels
the "rst one only due to the noninertial term m du̇=dt in the Boltzmann equation (8.10). And
the latter results from the noninertial term in the Hamiltonian. Therefore, even if the inertial
e:ects in most applications are small, the correct form of the Hamiltonian and the procedure
of obtaining it are important for the self-consistency of the theory.

Substituting the time derivatives J̇ and 8̇ by means of (9.7) and (9.5) one obtains after a
considerable amount of rearrangement

Ė + ∇k

{
1
2
8u̇ 2u̇ k + u̇ i(9ik − 8u̇ iu̇ k + E0�ik + 〈〈�f〉〉�ik)

− 1
2
mu̇ 2

〈
9�
9pk

f
〉

+
〈
�
9�
9pk

f
〉}

=
9u̇i

9xk
{9ik − 8u̇iu̇k + �ik − 〈2ikf〉 + E0�ik

−u̇ij0i − u̇kj0i} + 〈�Îf〉 +
〈
FL
9�
9pf

〉
+ Ẇ − u̇ġ ; (9.15)

where

2ik = 2
9�
9g�� a

�
i a

�
k ; �ik = −2

9E0

9g�� a
�
i a

�
k : (9.16)
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If the operator Î represents elastic collisions of quasiparticles with lattice defects or with
each other, we would have 〈�Îf〉= 0. When collisions with phonons occur the electron energy
is not conserved and phonon kinetics has to be taken into consideration. All equations above,
including the Boltzmann equation, actually apply to any quasiparticles in crystals, in particular
to phonons. To take them into account it is suQcient to substitute the sum of the corresponding
integrals of the electron and phonon distribution functions. The collision term in this case has
to be replaced by the sum

〈�Îf〉 + 〈�phÎphfph〉 ;

which vanishes due to the conservation of the total quasiparticle energy.
The last three terms in (9.15) describe the change of the "eld energy, "eld momentum, and

the e:ect of external forces. They depend on the concrete type of interaction and should be
omitted if there are no external "elds.

In the absence of energy dissipation the Kuxes of energy and momentum are functions of the
thermodynamic variables and velocities, but do not depend on their time and space derivatives.
This enables us to obtain from (9.15) unique expressions for the desired quantities

Qi = Eu̇ i +
〈
�
9H
9pi

f
〉
− 1

2
u̇ 2Ji + 9iku̇ k (9.17)

and

9ik = −(�ik + E0�ik) + 8u̇ iu̇ k + 〈2ikf〉 −m
〈
f
9�
9pi

9�
9pk

〉
+ m

〈
f
9H
9pi

9H
9pk

〉
: (9.18)

The momentum Kux tensor consists of two parts, Lik and Pik , which correspond to the con-
tributions of the lattice and quasiparticles, respectively,

Lik = −(�ik + E0�ik) + 80u̇ iu̇ k ; (9.19)

Pik = 〈20
ikf〉 + m

〈
f
9H
9pi

9H
9pk

〉
; (9.20)

where

〈20
ikf〉 = 〈2ikf〉 −m

〈
f
9�
9pi

9�
9pk

〉
(9.21)

is the quasiparticle momentum Kux tensor in the center of mass system while 〈2ikf〉 corresponds
to the co-moving frame. It can be shown (Appendix D) that the sum �ik + E0�ik corresponds
(but coincides in the linear approximation only) to the stress tensor of the linear elasticity theory
and turns into pressure for isotropic media.

Finally, the equation of elasticity theory for an elastic crystalline body with quasiparticle
excitations in the absence of external "elds takes the form

9
9t (8u̇ i) = −9Lik

9xk
− 9Pik

9xk
− 9j0i
9t : (9.22)

The last term on the right-hand side describes the force that appears when varying the quasi-
particle mass current with respect to the lattice.
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9.2. Dynamics equations of metals

Let us now consider the e:ect of the electromagnetic "eld. The Maxwell equations are

curlE= −1
c
9B
9t ; curlH=

4�
c
je +

1
c
9D
9t ; (9.23)

divD= 4�q; divB= 0 ; (9.24)

where q = q0 − en is the charge density (q0 being the lattice charge), je = j′e + qu̇ and

j′e = − e
m
j′0; e¿ 0 (9.25)

is the electron current density in the co-moving frame.
In good conductors (metals) the displacement current in Maxwell’s equations must be ne-

glected as a consequence of the large value of the conductivity. The two terms in the right-hand
side of Ampere’s law can be considered as an expansion with respect to the electric "eld fre-
quency !:

j+
1
4�
9D
9t ≈ �E+

!j
4�
E : (9.26)

Inasmuch as the conductivity ��!j=(4�), the second term on the right hand side is negligible.
One has to take into account also the quasineutrality condition q=q0−en=0. This condition can
be expressed in terms of the current density by making use of the charge continuity equation

q̇0 − eṅ + div j= 0 ; (9.27)

which follows directly from Maxwell’s equations. Therefore, the condition q̇0 = eṅ leads to

div je = div j′e = div j′0 = 0 : (9.28)

We shall also use another form of the quasineutrality condition. The ion charge density is
q0 = Ze80=M , where Ze is the charge of an ion, and 80=M is the number of ions in a unit
volume. Then the equality q0 = en is equivalent to

Z8=M = n = 〈f〉 : (9.29)

Inasmuch as M = 80
√
g and 〈f〉 = g−1=2〈〈f〉〉 one obtains the quasineutrality condition in the

form

Z = 〈〈f〉〉 =
2

(2�˝)3

∫
f(�; r; t) d� : (9.30)

For simplicity only, we shall consider in this section constitutive relations with constant
permeabilities j and *. This corresponds more or less to the magnetic hydrodynamics (where
usually * = 1 is assumed). A general treatment will be presented in the next section and the
correction terms will be added. Hence, the Maxwell equations take the form

curlE= −*
c
9H
9t ; curlH=

4�
c
je ; (9.31)

divE= 0; divH= 0 : (9.32)
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We have now to take into account the "eld terms in (9.15) containing the densities of the
"eld energy W = *H2=8�, the "eld momentum g, and the Lorentz force FL. The derivative of
the "eld momentum should be neglected due to the neglect of the displacement current (cf. e.g.
Ref. [42]). The derivative of W can be obtained from Maxwell equations and equals

Ẇ = −divS− jeE ; (9.33)

where S= (c=4�)E×H is the Poynting vector. The integral with the Lorentz force gives〈
FL
9�
9pf

〉
= jeE+

1
c
u̇ (*H × je) : (9.34)

Substituting the current je from the AmpZere law (9.31) yields

Ẇ +
〈
FL
9�
9p

〉
= −∇k(Sk + u̇itmik) + tmik

9u̇i

9xk
; (9.35)

where

tmik =
*
4�

{
HiHk − 1

2
H 2�ik

}
(9.36)

is the Maxwell tensor of the magnetic "eld. The form of this tensor for nonconstant * is
obtained in the next subsection, Eq. (9.64).

The "rst term on the right-hand side of (9.35) contributes to the energy Kux Q, while the
second—to the momentum Kux tensor 9ik . Therefore, instead of Eqs. (9.17) and (9.18) we
have now

Qi = Eu̇ i +
〈
�
9H
9pi

f
〉
− 1

2
u̇ 2Ji + 9iku̇ k + Si (9.37)

and

9ik = Lik + Pik − tmik : (9.38)

Finally, the complete system of dynamics equations of metals consists of the Boltzmann
equation, Maxwell’s equations, the quasineutrality condition in the form (9.28) or (9.30), and
the momentum conservation law (9.7) with 9ik from (9.38) (‘elasticity theory equation’)

9
9t (8u̇ i) = −9Lik

9xk
− 9Pik

9xk
+
9tmik
9xk

− 9j0i
9t : (9.39)

9.3. General case

We turn now to the most general case when the Maxwell equations are presented in their
full form (9.23) and (9.24) containing both the displacement current and external charges, as
well as nonconstant permeabilities j and *.

curlE= −1
c
9B
9t ; curlH=

4�
c
je +

1
c
9D
9t ; (9.40)

divD= 4�q; divB= 0 : (9.41)
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In order to de"ne correctly the problem we should remark that external charges have to
be considered as a separate system. We have still written a transport equation for the electron
distribution function only. The electromagnetic "elds do mechanical work on the external charges
and currents, and work is done by the electromotive forces induced. This work is not included
in the energy (9.9). The external charges interact with charged quasiparticles (electrons, holes,
etc.). This interaction depends on the concrete problem and cannot be accounted for in a
general form. One needs, therefore, an additional equation. In metals, this additional equation
is the quasineutrality condition q = 0. The lattice is ‘uncharged’ and moves without generating
currents and "elds. Instead, the current density now is

je = q0u̇ − e
〈
9H
9p f

〉
= qu̇+ j′e ; (9.42)

and the continuity equation for lattice charges q0 is

q̇0 + div (q0u̇) = 0 : (9.43)

(Actually, this equation coincides with the mass continuity equation, because the density of ion
charges is proportional to the mass density by q0 = Ze80=M:) The mechanical work done per
unit time equals

ẇ = u̇
(
qE′ +

1
c
j′e × B′

)
= u̇

(
qE+

1
c
je × B

)
; (9.44)

where the primed quantities refer to the comoving frame. The same work with the opposite
sign is done by the pondermotive forces (cf. Ref. [42], Sections 35, 63). Hence, in the energy
balance (9.15) the quantity ẇ has to be added with the opposite sign. 11

Therefore, we have to deal with an electromagnetic contribution in the energy balance equa-
tion (9.15)

Ẇf =
〈
FL
9�
9pf

〉
+ Ẇ − u̇ġ− ẇ : (9.45)

Eqs. (9.40) and (9.41) are written in the L-frame. They have to be supplemented by the con-
stitutive relations. However, these relations have their known simple form only in a co-moving
frame. In that frame one has

D′ = jE′; B′ = *H′ ; (9.46)

where

D′ =D+
1
c
u̇ ×H; E′ = E+

1
c
u̇ × B (9.47)

B′ = B− 1
c
u̇ × E; H′ =H − 1

c
u̇ ×D : (9.48)

11 Another approach consists in considering the internal energy (which now coincides with the elastic energy) as
a function of entropy as an additional variable, and including the Joule heat (jE) in the dissipative function. Such
an approach is more complicated, because the ‘pure electron entropy’ is accounted for by the Boltzmann equation.



D.I. Pushkarov / Physics Reports 354 (2001) 411–467 445

It is easy to see that

u̇D= u̇D′ = ju̇E′ = ju̇E; u̇B= u̇B′ = *u̇H′ = *u̇H : (9.49)

Relations (9.46)–(9.49) are exact, although (9.47) and (9.48) coincide in letter to the "eld
transformations written with an accuracy to v=c. 12

When taking the time derivative of the "eld energy Ẇ in (9.45) one has to keep in mind
that the permeabilities * and j in a nonstationary deformed media are functions of space and
time. The variation of the electrical part of the "eld energy in the lattice frame is thus

�W ′
E =

1
4�
E′�D′ =

1
4�

{E′2�j+ jE′�E′} =
E′2

8�
�j+ �

jE2

8�
:

Therefore, the total variation of W in time can be written in the form

Ẇ =
1
4�

(EḊ+HḂ)

=
1
4�

(
E′ − u̇

c
× B

)(
Ḋ

′ − u̇
c
× Ḣ

)
+

1
4�

(
H′ +

u̇
c
×D

)(
Ḃ
′ − u̇

c
× Ė

)

=
9
9t
jE′2 + *H ′2

8�
+

E′2

8�
j̇+

H ′2

8�
*̇ + u̇(ġ+ Ġ)

+
9
9t
j(u̇ × E′)2 + *(u̇ ×H′)2

8�c2 +
(u̇ × E′)2

8�c2 j̇+
(u̇ ×H′)2

8�c2 *̇ + 0(u̇3=c3) ; (9.50)

where

g=
E×H
4�c

; G=
D× B
4�c

: (9.51)

From here on we shall restrict our consideration within an accuracy to u̇=c (neglecting terms
of 0(u̇2=c2)). Then

Ẇ − u̇ġ=
9
9t
jE′2 + *H ′2

8�
+

E′2

8�
j̇+

H ′2

8�
*̇ + u̇Ġ : (9.52)

The quantities j and * are functions of the metrical tensor g��. So their time derivatives j̇
and *̇ can be treated in the same way as the derivative of E0 (cf. (9.11)). This yields

j̇= −jik 9u̇ i

9xk
− u̇∇j; *̇ = −*ik

9u̇ i

9xk
− u̇∇* ; (9.53)

12 The exact "eld transformations are

Ẽ= 7E+ (1 − 7)(E:n)n+ 7 u̇c × B; B̃= 7B+ (1 − 7)(B:n)n − 7 u̇c × E ;

D̃= 7D+ (1 − 7)(D:n)n+ 7 u̇c ×H; H̃ = 7H + (1 − 7)(H:n)n − 7 u̇c ×D ;

where

n= u̇
u̇ ; 7 =

(
1 − u̇2

c2

)−1=2
:

These "elds obviously satisfy relations (9.49). Then, from the constitute relations in the co-moving frame D̃ =
jẼ; B̃= *H̃, one obtains immediately relations (9.46)–(9.48) in the forms

D+ 1
c u̇ ×H = j

{
E+ 1

c u̇ × B
}
; B− 1

c u̇ × E= *
{
H − 1

c u̇ ×D
}

:
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where

jik = 2
9j
9g�� a

�
i a

�
k ; *ik = 2

9*
9g�� a

�
i a

�
k : (9.54)

Substituting (9.54) and (9.53) in (9.52) and making use of the Poynting theorem one obtains

Ẇ − u̇ġ=−divS′ − j′eE′ −
(
E′2

8�
jik +

H′2

8�
*ik

)
9u̇i

9xk

− u̇
(
E′2

8�
∇j+

H′2

8�
∇*
)

+ u̇Ġ : (9.55)

Neglecting terms of 0(v2=c2) in (9.50) means that one may replace Ġ by Ġ
′
. The time

derivative Ġ
′

can be transformed using Maxwell’s equations in the co-moving frame. This
yields

u̇Ġ
′
= −u̇

(
qE′ +

1
c
j′e × B′

)
+ u̇ i∇k t′ik + u̇

(
E′2

8�
∇j+

H′2

8�
∇*
)

; (9.56)

where

t′ik =
j
4�

(
E′

iE
′
k −

E′2

2
�ik

)
+

*
4�

(
H ′

i H
′
k −

H ′2

2
�ik

)
(9.57)

is the Maxwell stress tensor in the co-moving frame.
The "rst term in the right-hand side of (9.56) equals −ẇ in view of (9.44). The term that

contains the Lorentz force in (9.45) can be calculated by means of (8.13):〈
F
9�
9pf

〉
= j′e

(
E+

u̇
c
× B

)
= j′eE

′ : (9.58)

The same term, but with a negative sign exists also in (9.55). Therefore, the total work
related to the Lorentz force (the mechanical one and that of the electromotive forces) equals
zero as it should. Finally,

Ẇf = −divS′ + ∇k u̇ it′ik − T ′
ik
9u̇ i

9xk
; (9.59)

where

T ′
ik =

1
4�

{
jE′

iE
′
k +

E′2

2
(jik − j�ik) + *H ′

i H
′
k +

H ′2

2
(*ik − *�ik)

}
: (9.60)

Hence, one has to add the term

Qf
i = S ′

i − u̇ k t′ik = Si − u̇ iW (9.61)

to the energy Kux density in (66), as well as the term −T ′
ik to the momentum Kux tensor 9ik

in (9.18).
The elasticity theory equation then takes the form

9
9t (8u̇ i) = −9Lik

9xk
− 9Pik

9xk
+
9T ′

ik

9xk
+

m
e
9j′ei
9t − 9gi

9t : (9.62)
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The current and the electromagnetic stress tensor T̂
′
are written in the lattice frame. Note, that

the term with the electrical current represents, in fact, the variation of the electron mass-Kow
(the time derivative of the momentum, associated with the current). That part of the electron
mass current, which moves together with the lattice, is included in 8 in the left-hand side of
the equation.

The electromagnetic momentum Kux tensor in the L-system has the form

Tik =
1
4�

(jEiEk + *HiHk) + (jik − j�ik)
E2

8�
+ (*ik − *�ik)

H 2

8�

+ u̇ iGk + u̇ kGi − u̇ igk − u̇ kgi : (9.63)

The last four terms on the right-hand side are of the order u̇=c smaller, and can actually be
neglected for all reasonable problems of solid-state physics.

If electrons in a good conductor (metal) are considered, then the quasineutrality condition
holds, and the displacement current as well as the "eld momenta g and G have to be put equal
to zero. As a result, one has

Tmetal
ik =

*
4�

HiHk + (*ik − *�ik)
H 2

8�
: (9.64)

This tensor contains an additional term (H ′2=8�)*ik compared to tmik (9.36) where the magnetic
permeability was taken to be constant. As shown in Appendix D in case of a noncrystalline body
(e.g. Kuid) the quantities *ik and �ik have to be replaced by 8(9*=98)T�ik and 8(9j=98)T�ik ,
respectively (in agreement with Ref. [42], Section 56).

We can say in conclusion that the procedure used is selfconsistent and produces a full set of
equations, including the Boltzmann transport equation, Maxwell’s equations, and the generalized
elasticity theory equation (9.62). This set is exact in the frame of the quasiparticle approach.
It is assumed that the dispersion law and its dependence on the deformations are known. It is
worth noting here, that the theory is valid in the entire Brillouin zone and, hence, no special
attention to the Peierls Umklapp processes is required. The theory can be used both for solving
particular problems and for studying general aspects of the quasiparticle approach. This will be
the aim of the second part of this paper.

10. Quasimomentum conservation law

The problem of quasimomentum conservation and its relation to some other concepts was
discussed in Section 3. In this section we deduce the equation of motion for the quasimomentum
density from the Boltzmann transport equation for quasiparticles in the form (8.11) or (8.17).
We "nd an important relation between the dynamical and thermodynamical characteristics of the
quasiparticle gas. The derivation will be performed in more detail because it is a good example
of the application of the notation and technique developed. We use the kinetic equation in the
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form (8.17). Multiplying by >7 and integrating over the Brillouin zone yields

9
9t 〈〈>7’〉〉 + div

{
u̇〈〈>7’〉〉 + a�

〈〈
9�
9>�

>7’
〉〉}

+ a7

〈〈(
9�
9p

)
�
’
〉〉

+m〈〈’〉〉a7du̇dt − a7F〈〈’〉〉 −ma�ka7i

〈〈
9�
9>�

’
〉〉{

9u̇k

9xi
− 9u̇i

9xk

}
= 〈〈>7Î’〉〉 ; (10.1)

where we have used the identity

(a� × a�)curl u̇= a�ka7i

{
9u̇k

9xi
− 9u̇i

9xk

}
: (10.2)

We are interested in the equation of motion for the density of the quasimomentum K in the
comoving frame de"ned as

K= 〈kf〉 = a7〈〈>’〉〉 : (10.3)

Multiplying (10.2) by a7 and summing over 7 yield

K̇ i + 〈〈>7’〉〉a7
>
9u̇k

9xi
+ div

{
u̇〈kif〉 +

〈
ki
9�
9kf

〉}
+ m〈f〉du̇i

dt
− Fi〈f〉

+m
〈〈

9�
9>�

’
〉〉

a�k

{
9u̇i

9xk
− 9u̇k

9xi

}
+
〈〈{

(∇i�)� + k
9�
9k�

9a�
9xi

}
’
〉〉

= 〈kiÎf〉 :

(10.4)

The last term on the left-hand side of (10.4) is the derivative of the energy (dispersion relation)
at constant k:

(∇i�)k = (∇i�)� +
9�
9>�

(
9>�

9xi

)
k
= (∇i�)� + k

9�
9>�

9a�
9xi

: (10.5)

The quasimomentum density in the L system is P = 〈pf〉 = K + mu̇〈f〉 and, hence, the
‘quasimomentum conservation law’ has the form

Ṗi + ∇k{Lik + Kiu̇k + u̇ij0k + m〈f〉u̇iu̇k} − 〈(� + U )∇if〉 = 〈piÎf〉 ; (10.6)

where U is the external "eld (F= −∇U ) and the tensor

Lik =
〈
ki
9�
9kk

f
〉

+ 〈(� + U )f〉�ik ; (10.7)

may be called the quasimomentum Kux tensor in the C system because this is the remainder of
the expression in the brackets in the left-hand side of (10.6) for u̇= 0. If the collision integral
conserves quasimomentum, then the right-hand side of (10.6) vanishes.

It has been shown in [48] that the quasimomentum Kux tensor Lik coincides with the thermo-
dynamic potential # (if the deviations from equilibrium are small and thermodynamics holds).
In that case one can use a local distribution function f(� + U − kV − *).

Let us for simplicity consider a Bose-gas. Then

f =
{

exp
� + U − kV − *

T
− 1
}−1

(10.8)
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and the entropy density is

S = 〈(1 + f) ln(1 + f) − f lnf〉 : (10.9)

Hence,

TS = T 〈ln(1 + f)〉 + 〈(�− * − kV)f〉 = T 〈ln(1 + f)〉 − *n−KV+ 〈(� + U )f〉 :
(10.10)

By means of the distribution function (10.8) one has〈
ki
9�
9kl

f
〉

= T 〈ln(1 + f)〉�il (10.11)

and substituting this result into (10.7) yields

Lil = (TS + *n + kV)�il : (10.12)

The term 〈(� + U )∇f〉 can be transformed analogously. Di:erentiating the expression for the
entropy gives

∇s = ln
1 + f
f

∇f =
� + U − * − kV

T
∇f (10.13)

and, therefore,

〈(� + U )∇f〉 = T∇S + *∇n + Vk∇Kk : (10.14)

Finally, the quasimomentum conservation law takes the form

Ṗi + ∇k{#�ik + Kiu̇ k + u̇ ij0k + nmu̇ iu̇ k} = 0 ; (10.15)

where #(T; *;V) is the thermodynamic potential considered as a function of T; *;V and given
by its di:erential

d# = S dT + n d* +K dV : (10.16)

It is seen that the quasimomentum Kux tensor

Pik = #�ik + Kiu̇k + u̇ij0k + nmu̇iu̇k (10.17)

is not symmetric, in contrast to the ordinary momentum Kux tensor whose symmetry is a result
of the fundamental properties of the force moment [55]. In a real homogeneous and isotropic
space the quasimomentum coincides with the momentum K = j0, and the expression (10.17)
becomes symmetric, as it should. It is seen also, that the quasimomentum density K can be
found as the derivative of # with respect to the quasiparticle mean velocity V

K=
9#
9V : (10.18)

If the lattice is at rest (u̇= 0), then Eq. (10.15), the continuity equation for the quasiparticle
gas, and the energy conservation law form a closed set of equations. This set was used when
considering second sound propagation in solids [56,48,49].
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It is instructive to consider the conservation of quasimomentum at small velocity V. In a
linear approximation one has

Ki = 8ikVk ; (10.19)

where [48]

8ik = −
(
92#
9Vi9Vk

)
T;*

: (10.20)

The reciprocal tensor 8−1
ik can be obtained also as

8−1
ik = −

(
92〈�f〉
9Ki9Kk

)
T;*

: (10.21)

Eq. (10.20) enables us to write the quasimomentum conservation law in a form that contains
only derivatives of the thermodynamic potential # and does not contain the quasimomentum
explicitly:

92#
9Vi9Vk

V̇ k =
9#
9xi

: (10.22)

The velocity V is simply related to the quasiparticle current:

j0i = mV
〈
pi
9�
9p
9f0

9�

〉
= mnVi ; (10.23)

where f0 is the quasiparticle distribution function at V= 0.
Substituting (10.23) into (9.22) we see that the quasiparticle gas in a stationary deformed

crystal is accelerated by a deformation force according to the equation

mnV̇i =
9Iik

9xk
; (10.24)

where

Iik = (��� + E0g�� − 〈2��f〉)a�
i a

�
k : (10.25)

Of course, the distribution function in this equation has to be obtained in a selfconsistent way
by means of the full set of equations.

As shown in Appendix D the quantity Iik for a homogeneous isotropic body coincides with
the pressure (including the quasiparticle contribution 2ik = 〈2��〉a�

i a
�
k ). On the other hand, the

thermodynamic potential # = −PV per unit volume coincides with pressure (with the opposite
sign) too, and thus the right-hand sides of Eqs. (10.22) and (10.24) di:er only in sign. This
means that the time derivatives of the quasimomentum and of the ordinary momentum of the
quasiparticle gas given by Eqs. (10.22) and (10.24), respectively, are equal in magnitude, in
agreement with what has been discussed in Section 3.

11. Fokker–Planck equation. Quantum di;usion in rotating quantum crystals

Let us consider now di:usion of heavy quasiparticles moving in a gas of light ones. We
assume that the concentration of heavy particles is small and neglect their collisions with each
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other. The collision integral in this case is [57]

Îf =
∫

{w(p+ q; q)f(t; p+ q) − w(p; q)f(t; p)} d3q ; (11.1)

where w(p; q) is the collision probability of a process in which the quasimomentum of the
‘heavy quasiparticle’ changes its value from p to p− q. The change q is supposed to be small
and the integrand in (11.1) can be expanded in powers of the ratio q=p. This yields

Îf =
9
9pi

{
Aif +

9f
9pk

Bik

}
; (11.2)

where

Ai =
∫

qiw(p; q) d3q +
9Bik

9pk
(11.3)

and

Bik =
1
2

∫
qiqkw(p; q) d3q : (11.4)

For the collision integral be zero for the equilibrium function f0 one has

Aif0 = − 9f0

9pk
Bik : (11.5)

Let us introduce the deviation of the distribution function from its equilibrium value

f = f0

(
1 +

B
T

)
(11.6)

(where B is not assumed to be small). In this notation the collision integral takes the form

Îf =
9
9pi

(
Bik

T
f0
9B
9pk

)
: (11.7)

The tensor Bik is known as the di<usion coeCcient in k-space [57]. Its dependence on p may
be neglected because of the small velocity of a heavy quasiparticle as compared to that of the
light ones. Thus, Bik should be considered as a function of temperature only.

Let us consider di:usion in a rotating body of quasiparticles which obey Boltzmann statistics.
Such a situation appears, e.g. when studying di:usion of vacancies in quantum crystals like solid
helium [58–60,48,49]. In quantum crystals vacancies are delocalized and move throughout the
crystal as quasiparticles—vacancions with a given dispersion law. Since the energy band width
of vacancions is extremely narrow (of the order of several degrees), Boltzmann statistics holds
with a distribution function f0 = exp(J− �)=T with J the chemical potential.

If the deviation from equilibrium is small, i.e. B�T , then the transport equation for vacancy
di:usion in a body which rotates with a constant velocity (curl u̇ = 2!) in our notation takes
the form

Ḃ − 9�
9>�

a�∇J =
9�
9>�

9B
9>�

{
1
T
B�� + 2m!(a� × a�)

}
: (11.8)

In obtaining this equation we retained only terms needed to "nd the odd part of the distribution
function B under the inversion >� → −>�. It is seen that the new inertial term in the Boltzmann
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equation m(9�=9>�)a� × curl u̇= 2m(9�=9>�)a� ×! is directly added to the di<usion coeCcient
in >-space. The di:usion coeQcient in real space can be obtained from the relation

mT 2D−1
�� = B�� + 2mT!(a�a�); Dik = a�iD��a�k :

If, for simplicity, B�� = B0��� where B0 ∼ Tn and ! is directed along the z-axis then the
di:usion coeQcient components are

Dxx = Dyy ∼ b2Tn

b2T 2n−2 + !2 ; Dxy = −Dyx =
b!T

b2T 2n−2 + !2 ; Dzz ∼ T−n+2

(where b=const:). This means that at large enough frequencies ! the di:usion in the xy-plane
can change its temperature dependence from D ∼ T−n to D ∼ Tn−2. In the case of vacancions
in solid helium the di:usion coeQcient in k-space is [59,60]

B0 = �sa−3
(

T
Cp

)9

; (11.9)

where � is a constant and Cp = ˝s=2a (where s and a are the sound velocity and the lattice
constant, respectively). In this particular case

Dxx = Dyy =
as
4�

!2
0t

9

!2
0t16 + !2

; Dxy = −Dyx =
as
4�

!0!t
!2

0t16 + !2
; Dzz =

as
4�

t−7 ; (11.10)

where t=T=Cp and !0 =˝�=ma2 is of the order of the frequency of atomic zero-point vibrations
in a lattice cell. Hence, at small velocities (! → 0) Dxx ∼ T−7 while at large angular velocity
(!�!0t8) the di:usion coeQcient D ∼ T 9. In the latter case the di:usion increases with
increasing temperature in a radial direction, and decreases along the z-axis. Let us note that the
characteristic ratio !0t8=! equals the ratio Dxx=Dxy:

Dxx

Dxy
=

!0

!
t8;

Dzz

Dyx
= 1 +

(
!

!0t8

)2

: (11.11)

By measuring these ratios one can obtain the mass of the di:user m and the number of particles
involved in the di:usion processes (monovacancies, bi-vacancies, etc.)

12. Nonlinear excitations in deformable solids

Let us consider a defect in the lattice. This can be an isotope in quantum crystals (e.g. a 3He
atom in solid 4He) [61], an excited atom [62], a spin deviation [63], or another break in the
translational symmetry of the lattice (e.g. an irregular order of interatomic bonds [64,65]). The
state of the crystal with a localized defect is degenerate with respect to the defect position and
thus cannot be a ground state of the system. This means that the ‘defect’ is delocalized and turns
into a quasiparticle—defecton, exciton, spin wave, etc. In a rigid lattice those are the well known
linear elementary excitations described by Bloch functions. Let us consider for de"niteness
electronic excitations. As a rule, the interaction of an excited atom with its neighbours di:ers
compared to the interaction of a nonexcited one. This causes a deformation of the lattice which
changes the transition probability of the excitation to the nearest lattice sites. As a consequence,
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the probability distribution of the excitation varies and leads to a change of the deformation. As
a result of such a selfaction a bound state between the excitation and the deformation caused
appears. A well known example is the polaron of Pekar and Landau. Recently, a considerable
attention has been devoted to nonlinear excitations in quasi-one-dimensional systems where those
nonlinear excitations possess soliton properties and can propagate and transfer energy, charge,
magnetic moment, etc., without changing their form and velocity. Davydov [62] suggested the
idea of soliton energy transport in biological systems, kinks were considered as current carriers
in polyacethylene [64], the crowdion mechanism was proposed for selfdi:usion in alkali metals
[66–68], etc.

Most of those works considered the quasiparticle–lattice interaction at T = 0 and in a single-
particle approximation. A bound state of a number of excitations (magnons) and the lattice
deformation was considered in [63], and the corresponding nonlinear excitation was called a
magnoliton. The attempt of Davydov [69] to extend his theory to T �= 0 was not successful.

Another approach to the same problem can be based on the theory presented in this work.
The basic equations are the kinetic equation (8.10) and the elasticity theory equation (9.22). In
the static case (u̇= 0) one has

9Iik

9xk
= 0; Iik = (��� + E0g�� − 〈2��f〉)a�

i a
�
k : (12.1)

In a linear approximation Iik = �ik − 〈2ikf〉 with the linear stress tensor �ik given for an
isotropic medium by the relation

�ik = Kunn�ik + 2*(uik − 1
3unn�ik) ; (12.2)

where K and * are the dilatation and shear moduli, respectively. Inasmuch as the deformation
is caused by the quasiparticles and must vanish at f = 0 the stationary state corresponds to
Iik = 0 and Eq. (12.1) yields

uik =
1

9K
〈2nnf〉�ik +

1
2*

{
〈2ikf〉 − 1

3
�ik〈2nn:f〉

}
: (12.3)

If the dispersion law is isotropic too, then 2ik = 2�ik and

uik =
〈2f〉
3K

�ik ∼ 2
3K

〈f〉�ik : (12.4)

This means that the deformation tensor components are proportional to the quasiparticle dis-
tribution. The relative change of the volume is

�V
V

= unn =
〈2f〉
K

∼ 2
K
n(r) : (12.5)

If the whole formation (excitations and deformation) moves with a constant velocity V (adi-
abatic approximation), then the current with respect to the lattice vanishes and all quantities
depend on the coordinates and the time via r − Vt. Then the elasticity theory equation takes
the form

9
9xk

{
1
2
8VkVluil − Jiklmulm

}
= − 9

9xk
〈2ikf〉 ∼ 2

9
9xi

n(r−Vt) ; (12.6)

where Jiklm are the elastic moduli (in a generally anisotropic body) de"ned by the relation
�ik = Jiklmulm.
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Let us consider, for simplicity, the one-dimensional case. Then K =8s2, where s is the sound
velocity. The deformation 9u=9x is then

9u
9x =

2
ms2(1 − �2)

n(r−Vt); � = V=s : (12.7)

We can now obtain the equations of Davydov’s solitons [62]. At T=0 the excitation distribution
is given by the squared wave function | |2 obtained from the SchrSodinger equation

i˝ 99t |N〉 = Ĥ |N〉 ; (12.8)

where in a lattice site representation

Ĥ =
∑
n

{
1
2
mu̇2

n +
1
2
ms2(un+1 − un)2

}
+

1
2

∑
n

{OnB+
n Bn − Ann+1(B+

n Bn+1 + h:c:)} :

(12.9)

B+
n and Bn are the creation and annihilation operators of an excitation at the lattice site n, Ann±1

are the transition matrix elements, and On =
∑

� Onn+� (� runs over the site n and its nearest
neighbours) is the formation energy for a localized excitation (including the change of the
interaction energy of an localized excited atom with its neighbours compared to the interaction
of atoms in their ground states).

The dispersion law of an exciton in an ideal undeformed lattice can be obtained by means
of a Fourier transformation of the Hamiltonian

Hex =
∑
n

[
OB+

n Bn +
1
2
A(B+

n Bn+1 + h:c:)
]

(12.10)

with constant Ann±1 = A and On = O. This yields

�(>) = O + A cos> : (12.11)

In a local lattice approximation the quantities On and Ann±1 should be considered as smooth
functions of the small deformations un+1 − un ≈ un − un−1 ≈ (9u=9x)x=n and can be expanded
in their powers. In a linear approximation

On = O + 1
2O

′(un+1 − un−1); Ann+1 = A− A′(un+1 − un) : (12.12)

Therefore,

�(>; uik) = �(>) + 2(>)
9u
9x ; 2(>) = O′ − A′ cos> : (12.13)

The wave function |N〉 may be sought in the form of an expansion

|N〉 =
∑
n

 n(t)B+
n |0〉 ; (12.14)

where |0〉 is the ground state of the ideal crystal. Substituting (12.14) into the SchrSodinger
equation yields

i˝9 n

9t

{
O + W +

1
2
O′(un+1 − un−1)

}
 n − 1

2
A( n+1 +  n−1)

+
1
2
{(un+1 − un) n+1 + (un − un−1) n−1} ; (12.15)
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where

W =
m
2

∑
n

[u̇2
n + s2(un+1 − un)2] (12.16)

is the pure phonon energy.
Eqs. (12.15) and (12.7) with n(x − Vt) = | |2 are the basic equations of Davydov

solitons [62].
Since we assume that there is one excitation in the lattice, the normalization condition∑

n

 +
n  n = 1 (12.17)

holds.
If the size of the deformation region, L, is much larger than the lattice constant a the nor-

malization condition yields | |2L ≈ 1, and hence, | | ≈ L−1=2 is a slowly varying function.
The distance over which the deformation varies signi"cantly is also of the order of L and,
therefore, we can go over to a continuum approximation in (12.15) substituting  n(t) =  (x; t),
un(t) = u(x; t). 13 This yields

i˝9 9t =
[
�0 + W + 2

9u
9x

]
− 1

2
A
92 
9x2 ; (12.18)

where �0 = O− A is the formation energy of a delocalized excitation (the bottom of the quasi-
particle energy band), 2 = O′ + A′, 14 and

W =
1
2

∫ ∞

−∞

{(
9u
9t

)2

+ s2
(
9u
9x

)2
}

dx :

Substituting 9u=9x from Eq. (12.7) with n = | |2 gives the nonlinear SchrSodinger equation

i˝9 9t = (�0 + W ) − 1
2
A
92 
9x2 − 22

ms2(1 − �2)
| |2 : (12.19)

This equation is well examined now and its bell- and kink-soliton solutions are known.
Nonlinear SchrSodinger-like equations (NLSE) which follow from more general type of interac-
tions and contain higher order nonlinearities are obtained and discussed in Refs. [70,71,49,48].
The e:ect of anharmonic terms in lattice vibrations and the applicability limits of Davidov’s
theory are considered in Refs. [72,73]. Soliton-like solutions of some NLSE with higher order
nonlinearities can be found in Ref. [74].

13. Electron current in a deformed metal

In this section we consider the current density in a metal subjected to time varying deforma-
tions. When the electron mean free path l is in"nitesimally small, the solution of the kinetic

13 In case of electrons the quantity 1=
√
L corresponds to the electron–phonon interaction constant and the continuum

approximation used can be considered as an expansion with respect to the small interaction parameter.
14 In the original works of Davydov the change of the energy band under deformation is neglected (A′ = 0).
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equation is a local equilibrium function f=f0(�−*(r; t)), where *(r; t) is the chemical potential,
and f0 is the Fermi function (for simplicity one may assume T = 0). The dependence of the
chemical potential on the coordinates and the time is determined by the quasineutrality condition
(9.30). By virtue of the time reversal symmetry, the dispersion law is an even function of the
quasimomentum. Hence, the current density j′e =−e〈(9�=9k)f〉 vanishes in a state with f =f0,
and the momentum Kux tensor 9ik (9.38) takes the form

9ik = −(��� − 〈2��f0〉 + E0g��)a�
i a

�
k − tik + 8u̇ iu̇ k : (13.1)

The term 〈2��f0〉 can be transformed in the following way. First we take the derivative of the
energy density corresponding to the local equilibrium,

Eel = 〈�f0〉 = g−1=2〈〈�f0〉〉 ; (13.2)

with respect to the metrical tensor g��:

9Eel

9g�� = Eelg1=2 9g−1=2

9g�� + g−1=2
{

1
2
〈〈2��f0〉〉 +

〈〈
�
9f0

9�
9(�− *)
9g��

〉〉}
: (13.3)

The last term in the braces vanishes by virtue of the �-function nature of the derivative 9f0=9�
and the quasineutrality condition (9.27). Making use of identity (6.2) one obtains

〈2��f0〉 = �′
�� − Eelg��; �′

�� = −2
9Eel

9g�� : (13.4)

Substituting 〈2��f0〉 from (13.4) into (13.1) we see that the expression in the brackets takes
the form

��� + �′
�� + (E0 + Eel)��� : (13.5)

The presence of the electrons causes, therefore, only a renormalization of the energy E0 →
E0 + Eel. Eq. (9.22) converts into the ordinary elasticity theory equation.

To calculate the current density one needs a higher order approximation with respect to the
mean free path l, and the deviation �f of the distribution function from its local equilibrium
value has to be considered. It is convenient to calculate �f from the transport equation (8.11)
with the Lorentz force (8.13). Substituting f = f0 + �f and retaining �f only in the collision
integral and in the term with the "eld

B̃= B− mc
e

curl u̇ (13.6)

yields

−a� 9f0

9>�
(eE′ + ∇*) = Î �f +

9�f
9>�

9�
9>�

e
c
B̃(a� × a�) : (13.7)

On the left-hand side of this equation we have omitted the terms which are even under the
sign inversion � → −�. These terms would be important in the calculation of the electron
viscosity, but they do not contribute to the expression for the current. The solution for the
current density je = −e〈�f(9�=9p)〉 is [47]

je = �̂(B̃)

{
E+

1
c
u̇ × B̃+

1
e
∇
(
* +

mu̇2

2

)
+

1
e
m Su

}
: (13.8)
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The conductivity tensor �̂ has therefore the same form as in the uniformly deformed immobile
metal, but it depends on the e:ective "eld B̃. The current density is Galilean-invariant as it
should be in a neutral system.

14. Magnetic hydrodynamics of the electron plasma in metals

The results obtained in the preceding sections allow us to consider lattice e:ects on the
electron plasma behaviour in a magnetic "eld. Let us substitute expression (13.8) for the current
density into the Maxwell equations (9.23) and neglect the displacement current [cf. the text after
Eq. (9.26)]:

curlH=
4�
c
�

{
E+

1
c
u̇ × B̃+

1
e
∇
(
* +

mu̇ 2

2

)
+

1
e
m Su

}
: (14.1)

Applying the curl operator to both sides of this equation and substituting curlE from Eq. (9.23)
yields

Ḃ= curl (u̇ × B̃) +
mc
e

curl Su − c2

4��
curl curlH : (14.2)

The left-hand side of this equation is of the order of !*H , while the last term on the right-hand
side is of the order of

c2k2

4��
H ≈ !

!
4��

H�!H :

Hence, the last term in Eq. (14.2) must be neglected by virtue of the large metallic conductivity
and one obtains

˙̃B= curl(u̇ × B̃) : (14.3)

Let us now consider the mass continuity equation

8̇ + div(8u̇) = 0 : (14.4)

It follows from Eqs. (14.2) and (14.4) that an e:ective magnetic "eld de"ned as

Be: = B̃=8 (14.5)

satis"es the following equation:

Ḃ
e:

+ ((u̇:∇)Be: − Be: :∇)u̇= 0 : (14.6)

This equation coincides with the evolution equation (5.5) for the lattice vectors a�. This means
that if the e:ective magnetic "eld vector lines in a given instant are along the a� lines, they will
move together with them (pinned) all the time. The situation is similar to the pinning of the
lines of the "eld H=8 in plasma (see, e.g. Ref. [42]). It is worth noting that Eq. (14.6) does not
depend on the properties of the magnetic permeability * and, in particular, on its dependence
on deformations.

The pinning of the Be: lines shows a new kind of magnetoacoustic interaction. A detailed
analysis of the hydromagnetic type waves [75] shows that they are a:ected by the presence of
the electron quasiparticle gas.
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When considering hydromagnetic waves one needs the linearized version of the elasticity
theory equation (9.22):

8 Su i =
9
9xk

{�ik − 〈2ikf〉 + tmik} ; (14.7)

where �ik = Jiklmulm and the Maxwell stress tensor tmik (9.36) depends on the magnetic "eld
components only. In the term 〈2ikf〉 one can substitute the locally equilibrium function f0.
This leads to the expression (cf. (13.4)):

�̃ik = 〈2ikf0〉= 〈2��f0〉a�
i a

�
k =(�′

�� − Eelg��)a�
i a

�
k : (14.8)

The tensor components �̃ik are functions of the metrical tensor and for small deformations are
proportional to uik

�̃ik = 2iklmulm : (14.9)

Hence, the linearized elasticity equation takes the form

8 Su i = (Jiklm + 2iklm)∇kulm −∇k tmik : (14.10)

The full set of equations governing the sound wave propagation consists of Eqs. (14.10),
Eq. (14.3), and the Maxwell equation

divB= 0 : (14.11)

If the deviations from the constant equilibrium values H0 and u0 are small, so that

H=H0 + H̃ exp[i(kr −!t)] ;
u= u0 + ũ exp[i(kr −!t)] ;
h= h0 + h̃ exp[i(kr −!t)] ; (14.12)

we "nd the following linear system of equations for the amplitudes H̃; ũ and h̃:

k:h̃= 0 ; (14.13)

h̃= −ik × (ũ0 ×H0) ; (14.14)

8!2ũk =
1
2
(Jkilm + 2kilm)ki(klũm + kmũl) − i*

4�
[(H0:k)h̃k − (H0:h̃)kk] : (14.15)

Eq. (14.13) follows from (14.14) and can be omitted. It is seen that the moduli of elasticity
Jiklm are renormalized to J̃iklm = Jiklm + 2iklm. The wave spectrum which follows from the last
three equations in the general case is too cumbersome even for a cubic lattice. That is why we
present here the solutions for three particular cases. We assume, that the deformation constants
2iklm have the same structure as Jiklm. The latter is determined in a cubic lattice by three
independent moduli [55]: C11 = J1111; C12 = J1122; C44 = J1212. We introduce, therefore, the
notation C̃11 = C11 + 211; C̃12 = C12 + 212; C̃44 = C44 + 244, and *̃ = *=4�.

Let us consider "rst a wave propagating along the [100] direction (k=(k; 0; 0)). The magnetic
"eld is assumed to be in the crystallographic plane [110] (H = (H1; H2; 0)). Then Eq. (14.14)
yields transverse magnetic oscillations with

h̃1 = 0; h̃2 = ik(H1ũ 2 −H2ũ 1); h̃3 = ikH1ũ 3 ; (14.16)
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while Eqs. (14.14) and (14.15) yield equations for ũ i:

8
!2

k2 − [C̃11 + *̃H 2
2 ]
}
ũ 1 + *̃H1H2ũ 2 = 0 ; (14.17)

8
!2

k2 − [C̃44 + *̃H 2
1 ]
}
ũ 2 + *̃H1H2ũ 1 = 0 ; (14.18)

8
!2

k2 − [C̃44 + *̃H 2
1 ]
}
ũ 3 = 0 : (14.19)

The last equation is independent and gives

!2
1(k) =

1
8
[C̃44 + *̃H 2

1 ]k2 : (14.20)

This mode corresponds to a transverse wave with an amplitude perpendicular to k and H
(i.e. with ũ 1 = ũ 2 = 0). Its phase velocity is

vA =

(
*̃H 2

1 + C̃44

8

)1=2

: (14.21)

The group velocity is independent of k and is directed along the magnetic "eld (as in an
isotropic medium):

9!1=9k= (H=H1)vA : (14.22)

The oscillating quantities in this wave are the z-components of the magnetic "eld h̃3 and the
velocity u̇ 3. They are connected by the relation

u̇ 3 = − h̃3

H1
vA : (14.23)

If H1 = 0 the set of Eqs. (14.17)–(14.19) reduces to three independent equations and only
(14.17) depends on H = H2. The velocity vA represents the corresponding transverse sound
velocity. At high magnetic "elds *̃H 2�C̃44 the mode considered approaches Alfven waves with
a velocity vA =

√
*̃=8H1. Such an inequality requires extremely high magnetic "elds ∼ 100T.

Therefore, ‘pure’ Alfven waves cannot propagate in a metal. However, the e:ect of magnetic
"eld on the sound velocity could be well seen at H ∼ 10T or less. For mercury (where
v‖ = 1:45 × 105 cm=s), one has

vH
v‖

≈ H [Tesla]
200

; v2
H =

*̃H 2

8
: (14.24)
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Eqs. (14.17) and (14.18) yield two modes

!2
2;3(k) =

k2

28
{C̃11 + C̃44 + *̃H 2 ± [(C̃11 − C̃44 + *̃H 2)2 − 4(C̃11 − C̃44)*̃H 2

1 ]1=2} :

(14.25)

If H → 0 these two waves approach the longitudinal, !2, and a transverse, !3, sound waves,
respectively:

!2
2(H=0)(k) =

1
8
C̃11k2 ; (14.26)

!2
3(H=0)(k) = (C̃44=8)k2 = !2

1(H=0)(k) : (14.27)

In a weak magnetic "eld (*̃H 2�C11; C44) the longitudinal wave is known as the fast wave with

!2
2(k) =

1
8
(C̃11 + *̃H 2

2 )k2 = (v2
‖ + v2

H )k2 : (14.28)

The other two waves move with velocities of the order of vA. We shall not investigate here the
role of the magnetic "eld in detail. More information can be found in Ref. [75].

15. Conclusion

We derived in this review a full selfconsistent set of equations to describe the kinetics and
dynamics of quasiparticles in deformable solids. The most general case was considered when
the deformations are time-varying. We proposed a new notation for deducing the quasiparticle
equations of motion, as well as for "nding a transport equation valid within the entire Bril-
louin zone. Nevertheless, all results are easily rewritten in the commonly adopted variables.
The transport equation deduced contains a new term that describes noninertial e:ects. This term
a:ects directly the di:usion coeQcient in k-space in the Fokker–Planck equation. The theory
presented is exact in the framework of the quasiparticle approach, and may be applied when
considering elementary excitations with an arbitrary dispersion law in a wide class of crystalline
structures. In a linear approximation the theory con"rms the results obtained in the framework
of the preceding linear theories and, in particular, used in the theory of metals. We considered
some problems in order to demonstrate the advantages of the new formalism, as well as
to show some new results that cannot be obtained in a linear approximation. The role of
the quasimomentum was considered in more detail in order to stress its di:erence compared
to the ordinary momentum. An important relation between the quasimomentum Kux tensor and
the thermodynamic characteristics of the quasiparticle gas was found.
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Appendix A

Kontorovich [21–24] used the canonical transformation with a generating function (4.8) to
transform ‘the electron energy spectrum in the deformed lattice, which, in a linear approximation
in the comoving system (indicated by primes), has the form’

�′(r′; p′; t) = �0(p′) + 2ik(p′)uik −mu̇v′; v′ = 9�=9p (A.1)

(we follow the work in [22] as a recent one) and obtained

�′(r′; p′; t) = �0(r; p; t) − u̇p (A.2)

p′ = p + ∇(up) : (A.3)

In order to "nd the connection between the average of the Hamiltonian � over the quasiparticle
distribution and the average electron energy, he multiplied (A.2) by the invariant of the canonical
transformation f′ dV ′ dp′=f dV dp, integrated over the Brillouin zone and obtained ‘the energy
of electrons in a volume dV ′ in the K ′ system’

dE′ = 〈〈�′f′〉〉 dV ′ = 〈〈�f〉〉 dV − u̇〈〈pf〉〉 dV : (A.4)

Then he used the thermodynamic energy identity (cf. also [23])

dE = dE′ + u̇ dP (A.5)

where

dP= P dV = m〈〈(9�=9p)f〉〉 dV : (A.6)

The last three equations yield

dE = 〈〈�f〉〉 dV − u̇
〈〈(

p−m
9�
9p

)
f
〉〉

dV : (A.7)

There are several questionable points in this derivation. Suppose the lattice were moving with
a constant velocity u̇.

(i) If �′ given by (A.1) is the quasiparticle energy (spectrum) in the comoving frame then it
should not depend on the (constant) velocity, u̇, of the same frame.

(ii) Any generating function transforms a Hamiltonian from one set of variables to another
(i.e. Hamiltonian to Hamiltonian) and therefore it is not clear why the Hamiltonian � in (A.1)
is generated from the energy �′.

(iii) If �′ is not the energy, then the expression dE′ = 〈〈�′f′〉〉 dV ′ should not be considered
as the quasiparticle energy in the volume dV ′.

(iv) If �′ were a Hamiltonian in the comoving frame, then one obtains (taking derivative of
(A.1) with respect to p′) for the velocity of a quasiparticle with a parabolic dispersion law
propagating in an undeformed lattice ṙ′ = v′ − (m=m∗) u̇, which is obviously incorrect.

Finally, the interpretation of the thermodynamic identity (A.5) seems inadequate. If E and
P are the densities (per unit volume) of the energy and the momentum of the system (as in
the above consideration), then the quantity dE in the thermodynamic identity dE = dE′ + u̇ dP
should describe the energy variation due to the change dP of the momentum density (at constant
volume), not the momentum P dV (A.6) of a small part of the volume dV .
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Appendix B

The evolution equation (5.5) for the primitive vectors a� can be deduced from the following
consideration (we shall omit the subscript � for convenience). The lattice vector a(r; t) at instant
t is de"ned by the two lattice sites r1(t) and r2(t) : a=r2−r1. After a time interval �t the lattice
vector changes to a′(r′; t + �t) = r′2 − r′1. The new positions of the lattice sites are obviously
r′1 = r1 + v(r1)�t, and r′2 = r2 + v(r2)�t where the velocity of the lattice site r at the instant t is
denoted by v(r) = u̇(r). It follows from the last two equations that

a′ − a= (v(r2) − v(r1))�t :
Taking into account that

v(r2) = v(r1 + a) = v(r1) + (a∇)v

and

a′ = a(r+ v�t; t + �t) = a+ ȧ�t + (v∇)a ;

one obtains

ȧ+ (v∇)a − (a∇)v= 0 : (B.1)

This equation coincides with (5.5) in Section 5. It conserves automatically the lattice vector
lines. In fact, the a-vector line conservation condition consists in the colinearity of a and the
left-hand side of (B.1) [76], i.e. in

[ȧ+ (v∇)a − (a∇)v] × a= 0 : (B.2)

Hence, Eq. (B.1) describes deformations which do not break or cross crystalline lines with
equal �. This means that in a crystal lattice free of dislocations the three functions N�(r; t) are
single-valued, and Eq. (B.1) describes completely the evolution of the lattice con"guration.

The evolution equation for the reciprocal lattice vectors a� can be obtained from (B.1) and
the relation

a� =
9N�

9r : (B.3)

The later follows directly from the expression for the physically in"nitesimal di:erential coor-
dinates at given instant dr= a� dN� and relations (5.2). Multiplying (B.1) by a�k yields

a�
k ȧ�i + a�

k(u̇∇)a�i − a�
ka�s∇su̇ i = 0 : (B.4)

Taking into account relations (5.2) one has

a�i(ȧ�
k + (u̇∇)a�

k) + ∇k u̇ i = 0 : (B.5)

Multiplying this equation with a�
i yields

ȧ� + ∇(a�u̇) = 0 : (B.6)

In obtaining (B.6) we have taken into account that ∇ia�
k −∇ka�

i =0 as a consequence of (B.3).
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Substituting (B.3) into (B.6) gives ∇(Ṅ
�
+ a�u̇) = 0 and hence,

u̇= −a�Ṅ �
; Ṅ

�
= −u̇a� : (B.7)

It follows from (B.3) and (B.7) that

dN� =
9N�

9r dr+
9N�

9t dt = a� dr− a�u̇ dt : (B.8)

This expression coincides with that given in Section 5. It can be written also in the form used
in the text (cf. (5.1)):

dr= a� dN� + u̇ dt

Appendix C

To obtain the time derivative of the quasiparticle energy density one can use the transport
equation (8.17) for ’(�; r; t). Since the Kuxes through the Brillouin zone boundaries in this
notation equal zero, this equation can be written in its integrated by parts form

’̇ + div
{(

u̇+ a�
9�
9>�

)
’
}

+ a�

{
∇� + m

du̇
dt

−m
9�
9>�

a� × curl u̇ − F
}
’
9
9>�

= Î’ :

(C.1)

We have to transform the expression
9
9t 〈�f〉 = 〈〈�̇’〉〉 + 〈〈�’̇〉〉 : (C.2)

As the derivative with respect to t is taken at constant � one can use the same procedure used
in obtaining (6.13) (with S = 0). This yields

�̇ =
(
9�
9t

)
�

=
1
2
2��ġ �� = −2��a�

i a
�
k
9u̇ i

9xk
− u̇(∇�)� ; (C.3)

where

2�� = 2
9�
9g�� = 2�� : (C.4)

Multiplying (C.3) by ’ and (C.1) by � one obtains after substituting into (C.2)
9
9t 〈�f〉= 〈〈�Î’〉〉 − div

(
u̇〈〈�’〉〉 + a��

〈〈
�
9�
9k�

’
〉〉)

+ a�

〈〈
F
9�
9k�

’
〉〉

−m Sua�

〈〈
9�
9k�

’
〉〉

− 9ui

9xk

(
mu̇ka�i

〈〈
9�
9k�

’
〉〉

+ a�
i a

�
k 〈〈2��’〉〉

)

= 〈�Îf〉 − div
(
u̇〈�f〉 +

〈
�
9�
9pf

〉)
+
〈
F
9�
9pf

〉
−m Su

〈
9�
9pf

〉

−9u̇ i

9xk

(
mu̇k

〈
9�
9pi

f
〉

+ a�
i a

�
k 〈2��f〉

)
;

where the rules (8.19) are used to replace the double brackets by single ones. This expression
is used when obtaining Eq. (9.15).
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We would like to point out here how easily this result was obtained. For comparison, the
expression which corresponds to (C.3) in the variables p; r; t has the form(

9�
9t

)
p
= −2��a�

i a
�
k
9u̇ i

9xk
−m Su

9�
9p − u̇(∇�)p +

(
pi
9�
9pk

−m Suk

)
9u̇ i

9xk
: (C.5)

This expression is both cumbersome and nonperiodic, which creates additional diQculties.

Appendix D

The lattice contribution Lik to the momentum Kux density tensor 9ik is given by (9.19). The
term in the brackets can be written in the form

�ik + E0�ik = (��� + E0g��)a�
i a

�
k ; (D.1)

where E0(g��) is the strain energy per unit volume.
In an isotropic medium the dependence of E0 on g�� is reduced to a dependence on g=det g��:

��� = −2
9E0

9g
9g
9g�� :

By formula (6.2) one obtains easily

��� = 2g
9E0

9g a�la�l ;

and hence

�ik = 2g
9E0

9g a�la�la�
i a

�
k = 2g

9E0

9g �ik : (D.2)

Taking into account that g is the squared volume of a unit cell (g = V 2) and that V ∼ 1=8
one obtains

�ik = −8
9E0

98 �ik : (D.3)

Hence, it is seen, that in an isotropic case

2a�
i a

�
k
9
9g�� → �ik8

9
98 : (D.4)

Let now Ẽ0 and s be the internal energy and entropy per unit mass (Ẽ0 =E0V ). Making use
of the thermodynamic relation

dẼ0 = T ds− P dV + * dN ; (D.5)

one can de"ne the pressure P as

P = −
(
9Ẽ0

9V

)
s;N

= −
(
9E0V
9V

)
s;N

= −E0 + 8
(
9E0

98

)
s;N

: (D.6)
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It follows from (D.3) and (D.6) that in an isotropic medium

�ik + E0�ik = −P�ik : (D.7)

It is assumed in our consideration that the only contribution to the entropy is due to the
quasiparticles, and this contribution comes from the transport equation. Therefore, the derivatives
of E0 with respect to the metrical tensor components g�� are assumed as taken at constant
entropy.

An alternative approach can be based on the free energy thermodynamic potential per unit
volume F(T; P; N ). In that case one obtains

−P = F − 8
(
9F
98

)
T

: (D.8)
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