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Solitary defectons in one-dimensional quantum crystals 
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Abstract. A one-dimensional quantum crystal with a point defect (vacancy, impurity, 
implanted interstitial atom, etc) is considered in this work. It is shown that the presence 
of such a defect causes a deformation around it. The defect and the deformation formed are 
strongly bound. However, they can move together. Owing to quantum-mechanical transition 
probability they turn into a quasiparticle called ‘the solitary defecton’ (or ‘the soliton’). Such 
a quasiparticle propagates along the crystal with a constant velocity without changing its 
shape. 

Owing to the large zero vibrations and an appreciable overlap of the wavefunctions of 
the nearest atoms in quantum crystals, the mobility of a point defect (vacancy, impurity, 
implanted interstitial atom, etc) at sufficiently low temperatures is determined by the 
quantum mechanical tunnelling. This leads to the transformation of the defect into a 
quasiparticle defecton (Andreev and Lifshitz 1969, Pushkarov 1970). In this work we 
shall consider the defecton moving in one-dimensional crystals. In the strong-coupling 
approximation the Hamiltonian of such a system can be written in the notation of 
second quantisation in the following way (Pushkarov 1972) : 

H ,  = C ~ o B n t B n  - 3AC(B,+Bn+l + BnB,+,l) (1) 
n n 

where n is a lattice site numbet, eo is the energy necessary to generate the defect, A is 
the probability amplitude of the tunnelling of the defect into the nearest lattice site. 
Explicit formulae for A are deduced (for some three-dimensional crystals) by Pushkarov 
(1970. 1972, 1975a), but in this work we shall assume it is a phenomenological quantity. 
B i  and Bn are creation and annihilation operators of the defect in the lattice site a. 
What statistics they obey does not make any difference to the problem discussed. As 
we assume there is one defect in the lattice, operators B: and Bn must satisfy the following 
conditions. 

B,fB,, = 1 
n 

B,Bn = B:B: = 0. 

The Hamiltonian (1) can be diagonalised by a Fourier transformation 

B: = B: exp (ikn) 
k 
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B, = 2 Bk exp ( -  ikn). 
k 

So we obtain the dispersion law of free defectons (Puchkarov 1970, 1972): 

~ ( k )  = E O  - A COS k 

(the lattice constant a = 1). The defecton energy band width A = 2A. 

an effective mass 
In the limit of long wavelengths ( k  < 1) defectons move like ordinary particles with 

in* = h 2 / A  (2) 

independent of the masses of the defect and other atoms in the chain. 
The presence of a point defect causes a deformation around it. Taking into account 

change of kinetic and elastic energy due to the deformation, we correct the Hamiltonian 
(1) in the following way : 

in H = €0  - -E (1 + EB,tBn)42 + 3 E Ln-&,, 
2 ,  nn’ 

Here 5, describes the displacement of the atom situated in the lattice cell n from its 
equilibrium position in the ideal crystal. E = (m’ - m)/m where m’ and m are masses of 
the impurity and of an ordinary atom. The third sum describes the elastic potential 
energy of the ideal crystal in harmonic approximation, and the fourth represents the 
change of the strain energy due to the presence of the defect 

Decomposing A, in powers of the small displacements of nearest atoms only and 
retaining the linear terms, we have 

A, = A0 + A(5n+l - 5n-1)‘ (4) 

Generally speaking, the transition probability amplitude also depends on the atom 
displacements (Pushkarov 1970). But it can be shown that linear terms in the decompo- 
sition of A lead to such terms in equations of motion which correspond to anharmonic 
( A  t3) terms in potential energy. 

As we are interested in the distribution of the defect along the lattice, it is convenient 
to write the wavefunction of the system in the form. 

where the U, amplitudes introduced satisfy the condition 

n 

Substituting ( 5 4  into the Schrodinger equation 

W/at)l$) = HI$) (5b) 

and taking into account that functions B,+ (0) are independent> we obtain the following 
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set of equations 

8% Am 
at 2 ih - = (w0 + To + U )  a, + - 4,2afl + +A (tn+ - tn-J  a, 

where 

Am = in' - m. (7) 

The variables 5 ,  and d,, can be deduced from the minimum condition of the func- 
tional : 

fi = ($IHI$) = wo + To + U + i x { A , n i :  + 4 C n +  G ~ - ~ ) ~  \ *  ana f l  
n 

This functional. written in the notation of coordinates 4, and momenta p n  = 5T/2jn,  
plays the role of the classical Hamiltonian function. So to find the minimum of If we 
can use the Hamiltonian equations ; 

8 H  
p = - - =  1 L n - n ' t n ,  + +A(lan+1I2 - Ian- 11') at ,  n' 

Eliminating j, we obtain the following set of equations 

3. = A/m, (10) 
which must be solved together with equation (6). 

As we are interested in a case in which the deformation region is large compared 
with the lattice constant, we can consider 4 ,  and lanI2 as smooth functions and replace 
n by a continuous variable x. In this approximation 

where s is the sound velocity. 
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Then equations (6) and (10) can be replaced by two differential equations 

da 
ih- = (WO + T + U)a + 
a a t  a2( dlalz -(1 + cla12)- = sZT  + A?, a t  a t  ax ax 

at 

where 

We shall look for a solution in the form 

where v is the constant velocity of the excitation. Then we obtain from (12)> 

ag/at = - vu(x, t): (13) 
where p z u/s and u(x,  t )  is the vector of the deformation. 

distribution region along the chain (Y 9 1). Hence, if the condition 
As a rule E 5 1. On the other hand, la(x, t)lz - l/Y2 where Y is the size ofthe defecton 

p 2  + (1 + E / 9 )  < 1 

is satisfied, equation (13) can be written in the form 

But terms such as la(x, t)Izn (n  > 1) correspond to anharmonic terms in potential energy 
and must be neglected. Thus 

(14) 

Equation (14) has a plain physical sense : the deformation u(x,  t )  is proportional to the 
defecton distribution la(x, t)I2 and depends on the intensity of the perturbation Alms’. 

Substituting u(x,  t )  into equation (11) we obtain the following non-linear equation. 

u(x,  t )  = - A/[ins2(1 - jZ)] la(x, t)/’. 

a2a 
la12a - +A - a t  ”(1 - p z )  ax2 

. aa A2 
ih- = (w ,  + To + U)a  - - 

The normalised exact solution of equation (15) which vanishes as x -+ I cx: is 
2i(kx - 4 -ut) 1 

a(x, t )  = cosh --- 
(2Y) l ’Z  ( ( x  - xg - V t ) / Y ) :  
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where k = hv/A = m*v/h coincides with the free defecton wavevector, 

9 =(2Ams2/A2)(1 - p 2 )  = 9 , ( 1  - f 1 2 )  
9, Am? 

A2 

(A is the defecton bandwidth), and the solitary defecton energy 

h2v2 A 1 - 5p2 
ti0 = W O  + - -- 

2A (22?0)2 (1 - p2)3 ' 
The arbitrary constant x, appears as a result of the translation invariance of the lattice 
and 

The deformation of the chain around the defecton is described by the expression 
depends on the initial phase of the wavefunction. 

The deformation moves together with the defecton without changing its shape. It is 
important to note that the deformation size 9 depends on the velocity. Similar de- 
pendences were deduced for the cases of crowdions (Pushkarov 1973) and solitary 
excitons (Davidov and Kislukha 1976) and magnons (Pushkarov and Pushkarov 1977). 

The soliton energy (19) can be represented as a sum of the rest energy hw, and kinetic 
energy T ,  where 

h2v2 
2A 3 9 :  (1 - p2)3 

2A p2(2 + 3f12 - f l") 
T = -  +- 

When the soliton velocity is much smaller than the sound velocity in the crystal (v2  4 s2) 
the soliton moves like a particle with an effective mass 

M* = m* + 6M*, 

where m* = h2/A is the free defecton mass, and 

is the mass due to the presence of the deformed region. As a rule A 4 ms2 and 2'; 9 1, 
and we see that 6M* is much smaller than an atomic mass m. 

Taking into account that m* = h2/A and the Debye temperature 6' = h m ,  it is easy 
to see that 

6M* h (">".l. 8 9; 
m* 

Thus, the solitary defecton effective mass is of the order of the free defecton effective mass. 
The necessary condition for application of continuum approximation is 9 9 1, 

which leads to the inequality 

A2/ms2A 4 1 - p2. (24) 
It is worth remarking that a free defecton cannot move when it is situated in a poten- 

tial well which changes, per lattice constant, more than the defecton band width 
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A(lt?V/?x 1 a 2 A). I t  does not matter whether the sign of the derivative is positive or 
negative (Pushkarov 1970, 1975b). Relation (24) suggests that a solitary defecton moves 
with its own well which can increase per lattice constant much more than the defecton 
bandwidth (A % A). 

When A < 0, the free defecton mass is negative and the soliton solution given by 
equations (17)-(20) is not stable (Davidov and Kislukha 1976). But in such a case there 
are stable soliton solutions connected with short-wave defectons. This can be seen if the 
solution of the Schrodinger equation (5b) is sought for in the form 

li> = 1 exp (inn) %B,+ lo> 
n 

instead of equation (5a). 
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